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Abstract

One of the most known theories on international trade suggests
that when markets are left free to operate countries should specialize
according to their Comparative Advantages. The results provided by
Boglioni and Zambelli (2016) suggest that Comparative Advantages
do not seem to have worked in Europe during the period 1995-2011.

The computation of the Net Product Possibility Frontier implies to
make assumptions about the tradability of the output as well as of the
means of production, i.e. the inputs of each industry. In this paper we
compute the Net Product Possibility Frontier associated to the case in
which the means of production are considered to be traded.

There is evidence that for the case of the European Union the na-
tional specialization and the efficient allocation of resources implied
by standard Comparative Advantages theory seem not to have been
realized.
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Introduction

In a recent paper (Boglioni and Zambelli, 2016) have computed the Net
Product Possibility Frontiers (NPPF ) for a group of countries. The NPPF

is a useful tool to evaluate the effectiveness of Comparative Advantages
(CAs) in determining the specialization pattern.

CAs theory implies that when international markets are left “free” to
operate, each country should specialize in the industries in which it has a
CA. The efficient scenario described by the theory should emerge as the
result of the action of the free markets “invisible hand” (Samuelson, 2001).

When empirical observation demonstrate that these efficient scenarios
do not emerge there may be two main explanations. A first explanation
could be that the institutional framework is too different from the “free
markets” hypothesis, which is a fundamental condition for the realization
of CAs. A second explanation is that “free markets” are not so effective in
realizing the efficient specialization patterns as the theory on CAs suggests.
Boglioni and Zambelli (2016) provide evidence for the case of the European
Union in support of market failures.

The evidence provided in Boglioni and Zambelli (2016) was found by
assuming that only final goods were traded in the international markets,
while the means of production were produced and used domestically. Here
we relax this assumption and check whether the results are substantially
the same.

The computed NPPF represents a benchmark which is a set of virtual
European Union best scenarios. The existence of these scenarios does not
imply that they are politically feasible, but the lack of empirically verified
efficient specializations represent evidence of market failures. When the
historical European net production is located at a sizable distance below
the NPPF , a search of feasible economic policies is theoretically justifiable.

This paper is composed by four sections. In Section 1 some basic no-
tions about subsystems, which are a fundamental keystone of the paper,
are briefly introduced. In Section 2 we explain how the assumption on
the mobility of the means of production changes the computation of the
NPPF , which may imply a different evaluation of the effectiveness of
CAs. In Section 3 the data bank used for the empirical section is presented,
along with an example of European NPPF with and without mobility of
the means of production, and some remarks about the approach adopted
in this paper. In Section 4 the results obtained with the new NPPF are
compared to those discussed in Boglioni and Zambelli (2016).
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1 Definition and properties of subsystems

Subsystems are the fundamental tool for the construction of a Net Product
Possibility Frontier (NPPF ), which is in turn the benchmark to evaluate
the effectiveness of CAs in determining specialization patterns. Subsys-
tems have been introduced by Sraffa in the first appendix of his work Pro-
duction of Commodities by Means of Commodities. He defined a subsystem as
a “smaller self-replacing system the net product of which consists of only
one kind of commodity” (Sraffa, 1960, p. 105).

Subsequently, Gossling has shown how to use them in an empirical
study of productivity trends in the USA (Gossling, 1972). The concept of
vertically integrated sector, as in the definition of Pasinetti (1989, pp. 369-
376), is similar to the concept of subsystems—see also (Kurz and Salvadori,
1995, pp. 168-169).

A productive process can be represented by

A, l 7! b (1.1)

where A is an n ⇥ n matrix of physical inputs, l is the n ⇥ 1 labour vector
and b is the n⇥ 1 gross product vector.

Each row i of matrix A, [ai1, ai2, . . . , ain] represents the means of pro-
duction used by industry i for the production of the total gross industry
output bi. And li is the amount of labour used.

The column j of matrix A, [a1j, a2j, . . . , anj]0, represents the means of
production produced by industry j and used for the production for the
output by all the industries i = 1, 2, . . . , n.

If we subtract from vector b the sum—by column—of the inputs of pro-
duction described by A we obtain what is called surplus, or net national
product and it is often represented by the n ⇥ 1 vector y—see (Pasinetti,
1989, p. 79) and (Kurz and Salvadori, 1995, p. 168).

Formally
y = (diag(b)�A)0◆ (1.2)

where diag(b) is a diagonal matrix with the gross output vector b on its
main diagonal and ◆ is the summation vector—i.e., all entries are equal to
1.

In this context y = [y1, ..., yn]0 is a vector of physical quantities, which
expresses how much of each good goes to the final demand and is used
for consumption, investment or exports. If these goods are aggregated in
a unique measure through the means of current market prices, we obtain
what is commonly known as Gross Domestic Product.
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Each row i of matrix A, and the associated elements i of l and of b,
represents a method of production.

In order to compute a subsystem, each row of A, as well as the relative
amount of labour and gross output, must be reproportioned in such a way
that each component of the net output vector is 0, except for the commodity
in which we are interested. Denote with ȳi the vector [0, ..., yi, ..., 0]0, where
i identify the sector. In order to find a subsystem, we have to compute a
reproportioning vector xi such that

(diag(b)�A)0xi = ȳi (1.3)
from which we have

xi = ((diag(b)�A)0)�1
ȳi (1.4)

Then a subsystem is given by the triple

Ai = diag(xi)A
li = diag(xi)l
bi = diag(xi)b

(1.5)

so that, for convenience, we can define a subsystem Si as

Si = [Ai|li|bi] (1.6)
Gossling (1972) highlights two properties of subsystems which are fun-

damental for the purpose of this paper:
1. the sum of the subsystems is equal to the original system, that is to

say
nX

i=1

Si = [A|l|b] (1.7)

2. the alteration of one subsystem affects just the final output of the
commodity relative to the subsystem modified, but not the other ele-
ments of the net output vector.

2 Net Product Possibility Frontiers with free mo-
bility of the mans of production

The major purpose of this paper is to investigate how the assumption of
international mobility of the means of production changes the shape of an
NPPF , with respect to the case in which there is mobility only of final
consumption goods.
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2.1 National frontiers without mobility of the means of pro-
duction

In order to construct a national frontier, two assumptions are made: a)
labour is the only primary resource, it cannot be produced but just reallo-
cated; b) the methods of production are divisible so as to maintain fixed
proportions among inputs and outputs, i.e. the relative proportions may
be independent from the level of activity.

Consider the example of an economic system composed of three sectors
in Table 1. The three goods produced are iron, coal and wheat—rows 1, 2
and 3 respectively.

Table 1: A hypothetical economic system

Sector Input Labour Gross Output
Iron Coal Wheat

Iron 2 3 2 2/5 16
Coal 5 4 2 2/5 14
Wheat 6 2 3 1/5 9
Tot 13 9 7 1 /

The economic system in Table 1 can be divided in three subsystems.
Define the augmented subsystem S⇤

i as in eq. 2.1.

S⇤
i =


Ai li bi
a0
i Li /

�
(2.1)

In the last row of eq. 2.1 is reported the sum of each input necessary for
the production of the gross output vector, that is to say that If ai = A0

i◆ and
Li = l0i◆.

With respect to the hypothetical economic system described in Table 1,
the three augmented subsystems—one for each good—are

S⇤
1 = S⇤

2 = S⇤
3 =

0.65 0.97 0.65 0.13 5.19 0.81 1.22 0.81 0.16 6.49 0.53 0.81 0.54 0.11 4.32
0.64 0.51 0.25 0.05 1.78 3.47 2.78 1.39 0.28 9.73 0.89 0.71 0.36 0.07 2.49
0.90 0.30 0.45 0.03 1.36 2.20 0.73 1.10 0.07 3.30 2.90 0.97 1.45 0.10 4.34
2.19 1.78 1.36 0.21 / 6.49 4.73 3.30 0.51 / 4.32 2.49 2.34 0.28 /

As captured by eq. 1.7, the sum of the three subsystems is the original
system.
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It is easy to check, using eq. (1.2), that in the subsystem of iron, the net
product of iron is the original one1, while the other net products are zero.
Moreover, it is important to stress that, as a simple inspection of eq. (1.2)
reveals, the net product of a specific good is a linear function of the related
subsystem, that is to say that

yi = ↵iSi (2.2)

where ↵i is a scalar coefficient embedded in the triple A, l and b—see the
explanation on the computation of subsystems as described by eq.s (1.1)-
(1.5) in Section 1.

Suppose to start from the frontier for iron and coal, so that we have
to consider S⇤

1 and S⇤
2 . As can be seen, the total labour employed in the

two subsystems is, respectively, L1 = 0.21 and L2 = 0.51. As explained
in Boglioni and Zambelli (2016), when the means of production are not
be traded, the maximum net product of iron with respect to the iron-coal
frontier can be obtained by computing the total labour employed in the
two subsystems, that is L1 + L2 = 0.72, and then rescaling the subsystem
of iron in order to obtain the following subsystem

bS⇤
1 = S⇤

1 ⇥
L1 + L2

L1
=

2.23 3.34 2.23 0.45 17.82
2.19 1.75 0.88 0.18 6.13
3.10 1.03 1.55 0.10 4.66
7.52 6.13 4.66 0.72 /

(2.3)

Subsystem bS⇤
1 shows that the maximum possible net product of iron,

when the net product of coal is zero, amounts to more or less ŷ1 ⇡ 10.3.
Plotting the line passing through the original net product in coal and

iron (5,3) and the new point (0,10.3) we obtain the coal-iron frontier2. The
frontier is represented in in Fig. 1.

Since, as shown in (2.2), the net product is a linear function of the sub-
system, the maximum possible net product ŷ1 can be computed by taking
the original surplus y1 = 3 and applying to it the reproportioning factor
(L1 + L2)/L1, as the following equation shows

y1 ⇥
L1 + L2

L1
= 3⇥ 0.72

0.21
⇡ 10.3 = ŷ1 (2.4)

In this case the constraint that the total amount or labour involved is at
most L1 + L2 implies that the net production of coal must be set equal to
0. Therefore, the original system becomes
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Figure 1: The coal-iron national frontier. National coal-iron frontier
under the assumption that the means of production cannot be traded
or redistributed among countries

bS⇤
1 + S⇤

3 =

2.77 4.15 2.77 0.55 22.15
3.08 2.46 1.23 0.25 8.62
6 2 3 0.2 9

11.85 8.62 7 1 /

(2.5)

There are three things to be noted about the economic system described
by (2.5). The first is that the surplus in iron is 10.3, which is equal to the
surplus of the subsystem of iron once the surplus of coal is 0. The second
is that the surplus of wheat is exactly the original one, so the above proce-
dure has not altered at all the third sector. The last one is that there is still
production of coal, whose gross product is 8.62, and it is what is barely
needed to have a net output in the other two sectors.

This means that this hypothetical country is still producing all the means
of production needed to produce the new net output vector. Therefore, the
specialization process is somehow incomplete, in the sense that the coun-
try under analysis still has an amount of labour that could be shifted from
the production of coal to the production of iron, provided that the country
could import a quantity of coal sufficient for its needs.

7



2.2 National frontiers with free mobility of the means of
production

When international movements of the means of production are allowed, a
country can buy some of the inputs of its productive process from abroad.
Therefore, the minimum surplus of an industry i is no longer 0, but may
be a negative number. That is a national system may use as means of pro-
duction i more than it produces. When this happens all the labour force
that would have to be used for the production of a surplus of sector i may
be used in other sectors.

In the example described above, this implies that the feasible national
frontier is not bound to the first orthant of the plane as represented in Fig.
1, but it crosses the axis and extends to the second and the fourth orthant.
The computation of the two extremes of the new frontier is a bit more com-
plicated in this case and it is explained in Appendix A.

With the procedure explained in the Appendix and following the ex-
ample of section 2.1, we compute the minimum net product in coal, which
is y̌2 = �8 and the maximum net product in iron, which is ŷ1 = 22. There-
fore, point (-8,22) is the left extreme of the iron-coal frontier in the coal-iron
plane. Because of the linearity property described by 2.2, in order to com-
pute the subsystems of coal and iron in this new framework, we just have
to rescale all the elements of the two subsystems by, respectively, �8

5 and
22
3 .

The subsystems of coal and iron become respectively

S⇤
2 =

�1.30 � 1.95 � 1.30 �0.26 �10.38

bS⇤
1 =

4.76 7.13 4.76 0.95 38.05
�5.56 � 4.45 � 2.22 �0.44 �15.57 4.67 3.74 1.87 0.38 13.08
�3.52 � 1.17 � 1.76 �0.12 �5.28 6.62 2.21 3.31 0.22 9.94
�10.38 � 7.57 � 5.28 �0.82 / 16.05 13.08 9.94 1.55 /

which gives a total system

bS⇤
1 + S⇤

2 + S⇤
3 =

4 6 4 0.8 32
0 0 0 0 0
6 2 3 0.2 9
10 8 7 1 /

(2.6)

It is interesting to note that the movements of the means of production
requires the use of negative subsystems. In fact, when a sector is in deficit,
its relative subsystem computed with eq. (1.3) gives as a result a negative
matrix Si. This may not square well with the original definition of subsys-
tem, according to which a subsystem should describe all the resources that
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are directly and indirectly involved in the production of the net product of
a good. When a subsystem is computed on a sector in deficit, it means that
the national system has to import from the other national systems the not
domestically produced means of production.

In some sense, we could think to those numbers as the resources that
would be necessary to produce the good for which the system is in deficit
using the domestic technologies. The point in using negative subsystems
is that they allow to work with non self-replacing systems, i.e. systems that
produce an insufficient quantity of some means of production—see Chiodi
(1992)—, keeping the accounting right.

Indeed, in eq. (2.6) it can be noted that: (1) sector 2 is nullified, so all
the resources have been drained from sector 2 and destined to sector 1,
which was the main objective of this procedure; (2) the final net outputs
y̌2 and ŷ1 are exactly the desired ones, -8 and 22 respectively; (3) the total
sum of labour is equal to unity, which means that the constraint on labour
is satisfied; (4) the net product of wheat is the original one.

Figure 2: Specialization in the iron sector. The three graphs show the
national frontiers relative to the hypothetical system described in Tab.
1, and the consequences of a specialization in the iron sector.

Using the formulas in the appendix, we can compute an analogous full
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specialization in coal. In this case, the maximum net product of coal would
be ŷ2 = 18, while the minimum net product of iron would be y̌1 = �16.
Point (18,�16) represents the right extreme of the coal-iron frontier, which
is plotted on the northwest orthant of Fig. 2. In the other two orthants are
reported the wheat-iron frontier—northeast orthant—and the coal-wheat
frontier—southwest orthant.

Fig. 2 also shows what a specialization in the iron sector at the ex-
pense of the coal sector implies for the overall system. Suppose that the
net output in iron and coal shifts from point Y to point Y 0 of the graph
on the northwest part. This implies that the total labour increases in the
iron subsystem but decreases in the coal subsystem. As a consequence,
the wheat-iron shifts outwards—graph on the northeast—while the coal-
wheat frontier shifts inwards—graph on the southwest. As explained in
(Boglioni and Zambelli, 2016, p.7), the new frontiers must be parallel to
the original ones.

2.3 NPPFs for a set of countries with mobility of the means
of production

The importance of studying both the cases of no mobility and free mobil-
ity of the means of production becomes clear when we compare the Net
Product Possibility Frontier (NPPF ) obtained in the two cases.

It has to be noted that when the NPPF of a group of countries is stud-
ied, it is assumed that a redistribution mechanism exists, such that coun-
tries can give up part of their national production and receive back some
goods they have not produced. For a discussion of this assumption, see
(Boglioni and Zambelli, 2016, pp. 7-8), but what is important to stress here
is that this redistributive mechanism is generally assumed to be the mar-
ket.

Indeed, as (Samuelson, 2001, p.1205) explains, the theory on CAs sug-
gests that when markets are left free to work, the “invisible hand” should
lead each country to specialize in such a way that the overall net product
is maximized—keeping fixed the available resources.

The main problem we deal with in this article is that different assump-
tions on the mobility of the means of production influence our evaluation
of the effectiveness of the “invisible hand”.

In order to explain the point, consider an example of three countries as
the one in Fig. 3. Suppose that the three countries produce the surpluses
represented by the three dots y1, y2, y3 of Fig. 3, and suppose that trade
among countries is allowed just for final goods, while the means of pro-
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duction have to be produced domestically. As explained before, this im-
plies that countries cannot shift their net product outside the boundaries
defined by the two axes.

In Fig. 3, this means that the three countries can move their net prod-
uct vector along their respective frontiers—the segments below the shaded
area—inside the range delimited by the two axes. As a consequence, the
net total product point Y cannot exit from the area delimited by the solid
lines inside the shaded area SS. This no-mobility of the means of produc-
tion region is delimited by the solid NPPF in the upper part and by the
solid Inefficient Frontier (IF ) in the lower part. It is called the Inefficient
Frontier because it defines the minimum possible net total product in iron
for every feasible net product in coal. As can be noted, point Y is closer to
the solid upper boundary than to the lower one.

This means that resources tend to be used in an efficient way and that
countries tend to specialize in the sector in which they have a CA. There-
fore, basing our evaluation on the area delimited by the solid lines, we
would conclude that the “invisible hand” of international markets is work-
ing as the theory on CAs suggests.

However, when the means of production can be shifted internationally,
the scenario changes sensitively. Each country can reach also the produc-
tive points represented by the dashed part of their national frontiers, and
the net total product point Y can move inside all the shaded area SS, de-
limited by the dashed NPPF and IF . Specifically, all the points inside
the triangle Y QR represent feasible vectors of net product, in which the
surplus of iron and coal are higher than in the original vector.

For example, country 2 could shift resources—i.e. physical means of
production and labour—from coal to iron in order to realize the net prod-
uct vector represented by point y0

2, while country 3 could shift productive
resources in the opposite direction in order to reach the vector y0

3. Country
1 does not change its net product vector. The new net total product is rep-
resented now by point Y 0 , which is higher than Y with respect to both iron
and coal, while the net product in wheat is the original one.

As can be noted, the scopes for improving the net product are much
wider than in the case in which just final goods are traded. Moreover,
in this case, point Y is closer to the IF than to the NPPF . This means
that the evaluation on the working of CAs is exactly reversed with respect
to the final-products-only case. Using as benchmark scenarios the dashed
NPPF and IF instead of the solid NPPF and IF , we would conclude that
countries are far from exploiting their CAs and hence that the “invisible
hand” of international markets is not leading countries to exploit well the
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Figure 3: A three countries, three goods example of NPPF . The three
graphs show what a specialization process implies from the point of
view of the three NPPF s that can be constructed when three goods
are considered.

resources they have3.
This example shows that the assumption on the mobility of final goods

could in principle change our evaluation of the effectiveness of the “invis-
ible hand” in international markets. Please note that the example of Fig.
3 is relative to the simple case of three goods and three countries. For the
sake of the exposition we keep the global net production in wheat fixed.
As explained below and in the Appendix, for our theoretical and empirical
investigation we consider reallocations of resources that allow a propor-
tional global increase in the surplus all industries. The number of countries
considered and the number of industries is much larger than 3.

In Boglioni and Zambelli (2016) it has been found that the “invisible
hand” did not seem to work well in Europe during the period 1995-2011.
In this paper we check whether this conclusion holds when the means of
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production are assumed to be freely mobile across countries.

3 NPPF s in Europe

3.1 The Data

The Input-Output tables used in this paper have been taken from the World
Input-Output Database (Timmer et al., 2015). The data set provides Input-
Output tables called WIOTs (World Input-Output Tables) divided in 35 sec-
tors, for 40 countries, from 1995 to 2011. This paper is focused on European
countries, so we extracted data for 17 of them—those reported in Tab. 3 at
the end of the paper. There are some European countries in the database
which have been excluded because of their relatively small dimensions and
the diversity of their structure4.

The number of sectors has been reduced from 35 to 17. The analysis of
the Net Product Possibility Frontier is useful when applied to commodi-
ties that can be standardized and exported, while it is less relevant when
applied to the services that are intrinsically local5. For this reason, the sec-
tors included are those that enters the Standard International Trade Clas-
sification of the United Nations. The list of sectors considered and those
excluded is reported in Tab. 4 at the end of the paper.

Comparative Advantages theorems are all developed on the basis of
real quantities, while Input-Output (I-O) tables are generally structured in
a limited number of industrial sectors, in which many goods are aggre-
gated through the use of market prices. The aggregation problem cannot
be solved without having finely disaggregated I-O tables, but it is at least
possible to deflate the I-O tables properly in order to take into account the
fact that prices changes across countries and through the years. For a dis-
cussion of these problems and of the procedure adopted to deflate the I-O
tables see Boglioni and Zambelli (2016).

3.2 An European Net Product Possibility Frontier

An example of European NPPF has been reported in Fig. 4a. The sectors
considered are “Agriculture, Hunting, Foresting and Fishing”—Sector 1
of Tab. 4— and “Machinery, Nec”—Sector 13—in 2002 as in Boglioni and
Zambelli (2016). The solid blue line represents the frontier in the case of
trade of final products only, while the dashed line is the new frontier. As
can be noted the new frontier is fairly higher than the solid one.
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The segments below the European frontier represent the national fron-
tiers that form the NPPF , while the red circles on the segments identify
the observed national productions. The dashed part of the segments repre-
sents those combinations of net national product which become available
when the means of production can be traded.

Figure 4: An example of Net Product Possibility Frontier in Europe

(a) The European NPPF for
Agriculture and Machineries in 2002

(b) The national frontiers composing
the European

Agriculture-Machineries NPPF
reported in Figure 4a

In this paper we search for efficiency-improving vectors that would al-
low to improve the consumption of each country according to their pref-
erences. In other words, we investigate those specialization patterns that
allow to shift point Y inside the triangle Y QR. In such a way, with a proper
redistributive pattern, the net national product of each country could shift
inside the respective triangles–see Fig. 4b. In other words, a redistribution
of this kind would be Pareto improving, because it would allow each indi-
vidual country to reach a higher level of consumption. This higher level of
consumption would not be feasible without specialization and coordinate
trade.

In this article there is no space to enter into the details of how a redis-
tribution of this kind could take place and whether it would be possible to
reach it through market exchanges, but moving inside the Y QR we ensure
the basic condition to make it possible.

Another point to be stressed is that this is a pure allocative study. It is
out of the scope of this paper to investigate whether countries are on a full-
employment equilibrium or not, so that no assumption is implied on how
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far the full-employment equilibrium might be from the scenario described
below.

Finally, please note that thanks to the use of subsystems—see Section
2—all the inputs are considered all the time. Substitution between differ-
ent inputs is not allowed, and we do not resort to a reduction of all the
inputs to the embodied labour they contain. In so doing, the complexity of
industrial relation is not reduced or bypassed.

4 The n-dimensional NPPF and the indexes

There are two basic information which are important for the evaluation
of Comparative Advantages. One is the distance of the actual Net Total
Product from the NPPF and the other is the distance from the IF . They
can be measured in many ways. A simple way to measure the distance
from the NPPF in a bi-dimensional context is the following—see Fig. 5

GS =
E2 � Y2

Y2
=

E1 � Y1

Y1
(4.1)

where GS stands for Gains from Specialization. This measure is based
on point E, which is the only point that is efficient—in the sense that it
lies on the NPPF—and at the same time keeps unaltered the proportions
between the two goods—because it lies also on the line passing through the
origin and point Y . Point E implicitly defines Comparative Advantages:
all the countries on the right of E have a CA in sector j, while all those on
the left of E have a CA in i.

Point E represents the Net Total Product vector that should be reached
if CAs worked well, assuming that the preferences of European consumers
would not change increasing the amount of goods consumed. This also im-
plies that point E allows, at least in principle, to redistribute the additional
Net Total Product, represented by Y1E1 and Y2E2, according to the ratio in
which each country consumes the goods considered—see Section 3.

In a way analogous to eq. 4.1, we can compute the distance from the
IF in the following way:

LS =
W2 � Y2

Y2
=

W1 � Y1

Y1
(4.2)

where LS stands for losses from specialization. The two indexes can be
combined in a third one that is

RE =
E1 � Y1

E1 �W1
=

E2 � Y2

E2 �W2
(4.3)
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Figure 5: The efficient point of production and the gains from spe-
cialization. Point E represents which could be the net product if coun-
tries exploited fully their CAs, while Y represents the historical net
product. Segment EY represents how much it could be gained through
a proper specialization.

in which the distance Y1E1 is now weighted on the distance E1W1, which
is the range in which Y1 can move.

It is called RE index because it is a measure of relative efficiency. The
GS index is a measure of absolute efficiency, in the sense that it measures
how much the Net Total Product could be improved if CAs are exploited
well. The RE indicates whether the actual specialization is closer to an
efficient or an inefficient allocation of resources.

When the RE index is close to 0, the NPPF this means that countries
tend to specialize according to CAs. When it is close to 1, the countries
considered are close to the most inefficient allocation of resources. Values
of the RE close to 0.5 mean that the set of countries is somehow in the
middle way between these two extremes and this is still a poor evidence
of the working of CAs. In fact, it has to be stressed that, according to the
theory on CAs, both the GS and the RE should be 0.

In an n-dimensional context, point Y is called vector NTP, so that E
and W become NTP

E and NTP

W . The algorithm to compute them is a
variation of the one explained in Appendix A of Boglioni and Zambelli
(2016). What changes with respect to the original algorithm is just the
length of the national frontiers and hence the width of the domain in which
the vector of the surplus can move in order to improve the efficiency of the
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overall system—see section 2.2.
In the following part of the paper, the GS and the LS indexes are called

GSF and LSF , where the F stands for final. This is because the Algorithm
used is iterative and at each step an NTP

E and an NTP

W are computed,
with the related GS and LS indexes. Since we take just the GS and the LS

computed in the the last loop, they are called GSF and LSF .

Table 2: Potential gains from specialization and costs of inefficiency
in 2008. Column NTP2008 reports the net product of Europe for each
of the sectors considered. GSF2008 and LSF2008 represent respectively
how much it could be produced in the efficient and in the most ineffi-
cient specialization patterns—see eq. 4.1 and eq. 4.2

Sectors NTP2008 GSF2008 GSF⇤
2008 LSF2008 LSF⇤

2008

1 1426.58 37.59% 24.39% -28.14% -21.48%
2 -1671.84 0% 0% 0% 0%
3 6003.20 37.59% 24.39% -28.14% -21.48%
4 1071.50 37.59% 24.39% -28.14% -21.48%
5 230.18 37.59% 24.39% -28.14% -21.48%
6 324.58 37.59% 24.39% -28.14% -21.48%
7 1956.09 37.59% 24.39% -28.14% -21.48%
8 1828.60 37.59% 24.39% -28.14% -21.48%
9 3630.32 37.59% 24.39% -28.14% -21.48%
10 501.55 37.59% 24.39% -28.14% -21.48%
11 1222.71 37.59% 24.39% -28.14% -21.48%
12 -510.52 0% 0% 0% 0%
13 4925.65 37.59% 24.39% -28.14% -21.48%
14 7272.64 37.59% 24.39% -28.14% -21.48%
15 6838.81 37.59% 24.39% -28.14% -21.48%
16 1672.14 37.59% 24.39% -28.14% -21.48%
17 2.826.68 37.59% 24.39% -28.14% -21.48%

Source: WIOD database for column 2. Column 3 has been computed using equation 4.1

In Tab. 2 are shown the results in the GSF and in the LSF for 2008,
along with the results in the same indexes computed under the assumption
of no mobility of the means of production—GSF

⇤
2008 and LSF

⇤
2008. As can

be seen, the GSF and the LSF are the same for all the Sectors considered
except for Sector 2 and Sector 12.

The GSF and the LSF for Sector 2 and Sector 12 are null because the
net total production in these sectors is negative for most of the Sectors con-
sidered. As explained in Boglioni and Zambelli (2016), this creates prob-
lems when the free mobility of the means of production is not allowed and
hence, in order to make a meaningful comparison with the scenario de-
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scribed there, the net total product of Sector 2 and Sector 12 has been kept
fixed also in this case. In other Sectors the value of the indexes is the same
because, as explained above, by construction we search for that efficiency
improving NTP

E that keeps unaltered the proportions between each ele-
ment of the NTP.

Since all the elements of vectors GSF and LSF are equals except for
Sector 2, we can express the distance from the NPPF and from the IF

with a scalar number. We use the notation GSF and LSF , which refers to
a generic element of the vectors GSF and LSF different from the second
and the twelfth element.

The first point to be noted is that with free mobility of the means of
production, the NTP in 2008 could be improved by the 37.59% using the
same amount of labour, the 13% more than the gains reachable under the
assumption of trade of final goods only.

The second point is that while the GSF is higher than the GSF

⇤ by 13
percentage points, the LSF is lower than the LSF

⇤ by 7 percentage points.
This means that the distance from the NPPF is higher in this case not just
in absolute terms as should be expected, but also in relative terms—that
is to say from the point of view of the RE index, which was 0.57 in 2008.
This implies that in 2008 Europe was clearly closer to an inefficient use of
resource than to an efficient one.

The evolution of markets during the period 1995-2011 is described by
the two graphs in Fig. 6. The first shows the results of the GSF—Fig.
6a—,and the second the results of the RE index—Fig. 6b. The dashed line
represents the case of no mobility of the means of production.

As can be seen in Fig. 6a, the GSF is decisively higher in the scenario
analyzed here than in the original scenario for all the years considered. In
both the cases, the trend until 2004 seems more or less stable and then it
becomes increasing in the subsequent years. The difference is that while
in the case of trade of final-goods-only the improvement is due to a slight
trend, in the case analyzed in this paper the acceleration of the GSF is
marked, especially in 2010 and 2011.

For what concerns Fig. 6b, it emerges that the RE index oscillated be-
tween 0.55 and 0.58 during all the period considered—see Fig. 6b. Overall,
hence, Europe stayed permanently closer to an inefficient allocation of re-
sources than to an efficient allocation scenario. The results are clear: during
the period considered European countries did not specialize in the sectors
in which they had a CA and Europe did not approach an efficient scenario.
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Figure 6: Indexes of absolute and relative distance from the NPPF
and the IF

(a) GSF index. It represents how much
could be increased the net product of
Europe in the efficient specialization

pattern—see eq. 4.1

(b) RE index. It is a measure of the
position of the Net Total Product

between the NPPF and the IF . If
RE < 0.5, the set of countries is

closer to an efficient allocation of
resources than to the most inefficient

allocation pattern—see eq. 4.3

4.1 Comparative Advantages and labour reallocation

The analysis of CAs can be performed on the basis of the proportion of the
overall gross output that each country should produce in order to reach
the efficient specialization pattern.

The gross output in a sector i of country c at time t is denoted with
bc,i,t, while the gross output that should be produced in order to reach
the NPPF is denoted with b

E
c,i,t. The overall (European) gross output is

the sum of the gross output of each country, so that the recorded one isPm
c=1 bc,i,t = Bi,t , while the efficient one is BE

i,t =
Pm

c=1 b
E
c,i,t.

On the basis of these data, the efficient specialization ratio can be de-
fined as

ESRc,i,t =
b

E
c,i,tPm

c=1 b
E
c,i,t

=
b

E
c,i,t

B

E
i,t

(4.4)

and the real specialization ratio as

RSRc,i,t =
bc,i,tPm
c=1 bc,i,t

=
bc,i,t

Bi,t
(4.5)
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The matrix ESRt, which collects the ESR related to each country and
each sector at time t, is called from now on the efficient specialization pattern
at time t, while the matrix RSRt, an analogous matrix for the all the RSR

at time t, is called the real specialization pattern at time t.
Since in the dataset used here there are 17 ⇥ 17 I-O tables for 17 coun-

tries and 17 years, the full tables describing the results of the ESR and of
the RSR cannot be included here and are provided in the Supplementary
Material to this article.

However, we can still analyze how much each country is far away from
its efficient specialization pattern starting from the following index

lmi,c,y =
l

E
i,c,t � li,c,t

nX

i=1

li,c,t

⇥ 100 (4.6)

where l

E
i,c,t and li,c,t are, respectively, the quantity of workers employed

in sector i of country c at time t in the efficient scenario and in the original
data set.

The complete results in the lm index would require as much space as
the Tables on the ESR and the RSR and are provided in the Supplemen-
tary Material. However, the advantage of using the lm index is that it can
be easily aggregated across sectors in order to provide a synthetic measure
of the structural changes that each country would have to bear in order to
realize an efficient specialization pattern.

The share of workers that should change job inside a country in order
to reach the NPPF is computed with the following index

LMc,t =

nX

i=1

|lEi,c,t � li,c,t|

2⇥
nX

i=1

li,c,t

⇥ 100 (4.7)

The LM index is just a sum across sectors of the absolute values of the
lm index, with the difference that the denominator is now doubled. This
is because, otherwise, each worker would be counted two times: when he
exits from a sector and when he enters into another.

The results for the LM index are reported in Tab. 5. Fig. 7a and 7b help
to highlight two important points about Tab. 5. The first represents the
average cross-country LM for each year, while the second the cross-year
average for each country. A result that emerges from Fig. 7a is that the
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Figure 7: Cross-country average and standard deviation of the
Labour Mobility index LM , 1995-2011. The LM index counts how
many workers should have changed their job in order to fully exploit
the CAs so as to realize the efficient specialization pattern.

(a) Cross-country average LM (b) Cross-year average LM

social costs that should be bore by each country are very high: on average
more than the 85% of the European workforce should have changed job in
order to reach the NPPF .

These results remark how far Europe was from the efficient scenario
assumed by CAs theories and they are in line with the results of the GSF

index. This may have been expected since the free mobility of the means of
production allows for a high degree of specialization. The great majority
of the industrial sectors of each country should be closed and all the labour
force should be employed in 2-3 sectors on average.

However, what was less easily predictable is that the average quantity
of workers to be shifted does not change during the period considered.
Throughout the years, the cross-country average LM is always comprised
between the 85% and the 87% except for 1995 (88%).

Fig. 7b shows that there are some differences among countries with
respect to this index. Some countries are closer than others to the spe-
cialization pattern that would allow to reach the NPPF , as for example
Germany, Spain and France, while others, especially Greece and Portugal
would have to restructure almost completely their economies.
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Conclusions

The results of this paper confirm and reinforce what found in Boglioni and
Zambelli (2016), that is to say that Comparative Advantages (CAs) do not
seem to have worked in Europe during the period 1995-2011.

In this paper one fundamental assumption used in Boglioni and Zam-
belli (2016), namely that the means of production had to be produced do-
mestically, has been relaxed in order to allow the means of production to
be exchanged and a new Product Possibility Frontier (NPPF ) has been
computed.

The NPPF is an important tool to evaluate whether a particular eco-
nomic system has specialized in the direction suggested by CAs or not.
If an economic system approaches the NPPF , than a CAs compatible
specialization process is occurring, otherwise other forces are driving the
specialization process. Whether means of production are supposed to be
traded or not, we find that the distance from the NPPF increases during
the period considered.

Other indexes analyzed in the paper provide further evidence of the in-
effectiveness of CAs in Europe during the period 1995-2011. One of these
indexes is based on the Inefficient Frontier—IF—, which describes the
most inefficient allocation of resources—in the same way as the NPPF de-
scribes the efficient allocation of resources. Comparing the distance from
the NPPF with the distance from the IF , we can check whether an eco-
nomic system is closer to an efficient scenario or to an inefficient.

In Boglioni and Zambelli (2016) it was found that Europe stayed con-
stantly more or less in the middle, although slightly closer to the IF than
to the NPPF . Here it has been found that Europe is even closer to the
IF than to the NPPF during almost all the period considered. The only
exception is year 2011, a year in which, in any case, the index still suggests
a clearly inefficient situation.

Finally, a proxy of the social costs that should be bore to reach the
NPPF is given by the LM index, which computes the quantity of workers
that each country should shift from one industry to another in order to re-
alize a specialization pattern compatible with the CAs. The results in this
index are coherent with the rest of the analysis: during the period consid-
ered, the average quantity of workers to be shifted stayed almost always
above the 85% with no evident trend.

The results presented here are particularly significant considering the
fact that in Europe many measures have been taken to construct a uni-
fied free market. This is important because the role played by institutions
cannot be overlooked. In some cases a CAs incompatible specialization
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pattern may be due to institutional underpinnings that are too different
from those supposed by the theory on CAs. However, in the case of Eu-
rope, there has been a specific effort in order to create a market as close
as possible to the concept of “free market” assumed by the theory on CAs.
Therefore, the results exposed above cast many doubts on the effectiveness
of the principle of CAs itself.

However, this conclusion should not be taken as definitive. The as-
sumption on the mobility of the means of production is just one of the fea-
ture of the original framework that could be modified. Other assumptions
implied in this paper concern migrations, which are assumed to be not
possible, and technologies, which are assumed to be not transferable from
one country to another. The database might also be improved, collecting
more disaggregated data on the industrial sectors that form the productive
structure of the countries considered. Nevertheless, the results provided
here seem at least sufficient to be skeptical about the real influence of CAs
on the structure of productive systems and to justify further investigations
on this topic.
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Notes
1The iron gross output is 5.19 while the total use of iron of means of production, col-

umn 1 of S⇤
1 is 2.19. Therefore the surplus of the subsystem is 3 units of iron, and 0 units

of coal and wheat.
2There is an alternative way to compute the equation of the frontier, which makes

clearer the role played by the industrial interrelations described by the triple A, l and
b—see Section 1—in determining the frontier.

Here we have assumed that labour is the only primary good, which implies the labour
constraint L1 +L2 = L̄, where L̄ is the total quantity of labour originally employed in the
two subsystems. However L̄, as well as the L1 and L2 related to a specific net output in
good 1 and good 2, are fully determined by triple A, l and b through eq.s (1.1)-(1.5).

Indeed, as can be deduced by eq. (2.2), L1 and L2 are related to y1 and y2 through
simple linear functions as L1 = ↵1y1 and L2 = ↵2y2. Therefore, the equation of the
frontier is given by

↵1y1 + ↵2y2 = L̄ (4.8)

where ↵1, ↵2 and L̄ are parameters embedded in A, l and b. We may replace the assump-
tion on the total quantity of labour with another assumption, without altering sensitively
the underlying logic.

Suppose that we want to assume that the primary good is an exhaustible energy like
coal instead of labour. Then L̄ would become C̄, i.e. the total quantity of coal used in
the two subsystems, while coefficients ↵1 and ↵2 would be the same—because of (2.2).
These three parameters would still be determined by the triple A, l and b—through eq.s
(1.1)-(1.5)—, which are, hence, the ultimate determinants of the equation of the frontier
(4.8).

3The two additional graphs in Fig. 3 have been reported to help the reader to visualize
what the specialization process that leads to improve the net product from Y to Y 0 implies
for the overall system when more than two goods are produced. This is important in
order to understand the workings of the algorithm used to compute the NPPF in an
n-dimensional case.

Suppose that the graph on the northwest orthant is a bi-dimensional projection of a
system in which wheat is produced too. The orthants on the northeast and on the south-
west describe what the specialization process described above implies for the wheat-iron
and coal-wheat frontiers. The change of the SS in these two dimensions is due to the
fact that, as it has been shown in Section 2.2, when a country shifts its labour force from
one subsystem to another along one specific frontier, the other frontiers shift inwards or
outwards depending on the specific specialization process. Therefore, the NPPF and the
IF in the other dimensions also change and hence they redefine the shape of the SS.

For a more detailed explanation of this process and of the algorithm used for the
computation of the NPPF and of the IF in the n-dimensional space see Boglioni and
Zambelli (2016).

4The countries excluded are: Bulgaria, Cyprus, Latvia, Lithuania, Luxembourg, Malta,
Romania.

5As explained above, studying the European NPPF implies to suppose that the total
European production could be concentrated in some selected countries, and then redis-
tributed among all the countries. While manufactured products can be, and actually are,
produced in places that are often far from the consumer, this is not possible for many
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services, the provision of which depends on the direct relationship between the customer
and the provider. This is the case of education, health services, retailing sales, restaurants
& hotels, and many other sectors excluded from Tab. 4.
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Table 3: The list of countries

1 AUT Austria 10 GRC Greece
2 BEL Belgium 11 HUN Hungary
3 CZE Czech Republic 12 IRL Ireland
4 DEU Germany 13 ITA Italy
5 DNK Denmark 14 NLD Netherlands
6 ESP Spain 15 POL Poland
7 FIN Finalnd 16 PRT Portugal
8 FRA France 17 SWE Sweden
9 GBR Great Britain
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Table 4: The list of sectors*

1 Agriculture, Hunting, Forestry and Fishing
2 Mining and Quarrying
3 Food, Beverages and Tobacco
4 Textiles and Textile Products
5 Leather, Leather and Footwear
6 Wood and Products of Wood and Cork
7 Pulp, Paper, Paper, Printing and Publishing
8 Coke, Refined Petroleum and Nuclear Fuel
9 Chemicals and Chemical Products
10 Rubber and Plastics
11 Other Non-Metallic Mineral
12 Basic Metals and Fabricated Metal
13 Machinery, Nec
14 Electrical and Optical Equipment
15 Transport Equipment
16 Manufacturing, Nec; Recycling
17 Electricity, Gas and Water Supply

*The sectors excluded are Construction; Sale, Maintenance and Repair of Motor Ve-
hicles and Motorcycles; Wholesale Trade and Commission Trade, Except for Vehicles
and Motorcycles; Retail Trade Except for Vehicles and Motorcycles, Repair of House-
hold Goods; Hotels and Restaurant; Inland Transport; Water Transport; Air Trans-
port; Other Supporting and Auxiliary Activities; Activities of Travel Agencies; Post
and Telecommunications; Financial Intermediation; Real Estate Activities; Renting of
M&Eq and Other Business Activities; Public Administration and Defense, Compul-
sory Social Security; Education; Health and Social Work; Private Households with
Employed Persons.
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Table 5: Labour mobility index LM*, evolution 1995-2011

Year
Country 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 Mean St. Dev.

AUT 90.59 86.79 86.62 90.04 89.98 93.42 89.45 89.51 92.28 95.76 89.01 88.89 88.61 90.73 92.36 77.18 86.78 89.29 3.83
BEL 95.59 92.53 90.11 96.84 83.25 92.71 86.64 86.09 84.02 85.76 83.63 85.33 85.18 84.95 85.46 83.92 82.17 87.31 4.37
CZE 82.85 95.15 84.14 84.93 85.52 86.30 83.60 87.47 87.66 88.09 88.55 88.82 85.84 85.58 88.52 88.87 89.91 87.16 2.82
DEU 66.62 67.76 73.44 61.36 71.46 72.46 60.86 72.97 60.27 60.81 52.09 49.82 51.37 59.05 71.31 65.64 70.05 63.96 7.59
DNK 89.42 86.31 98.82 99.22 93.18 96.47 99.19 97.18 82.25 73.24 82.18 79.48 83.04 86.53 83.09 82.86 81.90 87.90 7.78
ESP 83.56 70.99 71.72 72.42 73.73 74.64 66.96 62.90 75.85 70.90 59.26 77.17 77.40 77.37 88.83 89.29 85.42 75.20 8.06
FIN 92.40 91.91 90.96 90.76 89.02 88.77 88.67 88.97 89.30 89.09 88.84 88.95 88.82 88.92 88.72 88.72 89.34 89.54 1.15
FRA 78.93 72.40 72.41 72.54 69.87 69.92 77.30 77.20 69.72 69.36 76.45 69.09 69.83 74.91 76.78 79.90 80.22 73.93 3.88
GBR 86.00 80.43 84.94 82.61 85.35 85.18 84.80 84.05 82.10 91.85 92.03 89.82 85.46 87.02 79.51 89.02 85.84 85.65 3.44
GRC 98.91 98.90 98.87 96.29 98.85 97.52 97.50 97.42 97.35 97.17 97.28 97.44 95.82 95.95 90.22 97.63 87.75 96.52 2.93
HUN 89.36 89.37 89.61 89.48 94.16 90.86 88.93 89.20 88.27 81.72 74.47 85.80 97.84 97.55 94.46 93.36 91.62 89.77 5.44
IRL 95.32 90.70 94.71 94.56 94.33 94.29 93.73 93.33 93.40 93.24 93.87 94.15 94.08 93.42 87.06 93.83 94.91 93.47 1.87
ITA 85.08 84.82 77.17 81.60 83.76 75.94 74.99 79.53 79.09 78.69 78.63 78.49 81.54 81.17 78.95 79.30 64.98 79.04 4.46

NLD 72.87 82.94 61.63 72.18 67.67 71.99 88.49 88.49 88.57 88.62 88.63 88.67 88.84 88.30 87.21 91.45 81.25 82.22 8.96
POL 96.75 94.83 94.90 94.87 94.86 94.52 97.26 94.98 95.49 95.12 94.96 94.41 94.22 89.04 94.17 84.86 87.03 93.66 3.27
PRT 95.44 98.54 98.52 98.54 98.57 98.50 98.42 98.48 98.48 98.46 98.57 98.38 98.37 98.36 98.42 98.47 98.48 98.30 0.72
SWE 96.75 92.90 89.57 92.72 89.65 86.72 84.54 92.42 92.49 90.69 90.69 90.77 90.59 90.12 89.62 90.70 90.69 90.68 2.54

Mean 88.03 86.90 85.77 86.53 86.07 86.48 85.96 87.07 85.68 85.21 84.07 85.03 85.70 86.41 86.75 86.76 85.20
St. Dev. 8.73 9.13 10.66 10.83 9.70 9.51 10.52 9.18 9.84 10.71 12.40 11.50 11.19 9.23 6.77 7.95 8.02

*The labour mobility index LMc,t computes the share of workers that should change their job inside each country in order to reach the

n-dimensional NPPF and hence realize the efficient specialization pattern. It is computed as
Pn

i=1 |lEi,r�li,r|
2⇥

Pn
i=1 li,t

—see (4.7)
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Appendix A Computation of the repreportioning
factor that brings an entire industry
to 0

In order to explain the procedure to compute the two extremes of a na-
tional frontier when the means of production are free to move across coun-
tries, it is useful to define a general element of the subsystem i as sk,j,i.
For example, the gross product of coal in the original subsystem of iron is
s2,5,1 = 1.78, the gross product of coal in the original subsystem of coal is
s2,5,2 = 9.73 and, finally, the gross product of coal in the original subsystem
of wheat is s2,5,3 = 2.49. As explained above, we have that

b2 = s2,5,1 + s2,5,2 + s2,5,3. (A.1)

Suppose to compute firstly the left extreme of the coal-iron frontier in
the case of free mobility of the means of production. The coordinates of the
new point are denoted with (y̌2, ŷ1), which are respectively the minimum
possible net product in coal and the corresponding maximum net output
in iron. We need to know the minimum net product in coal y̌2, such that b2
becomes zero and all the labour force l2 is redistributed in sectors 1 and 3
in order to obtain ŷ1. Mathematically, reminding that y2 is the original net
output in coal, we want to compute y̌2 such that

š2,5,2 =
y̌2

y2
s2,5,2 (A.2)

and
b2 = ŝ2,5,1 + š2,5,2 + s2,5,3 = 0 (A.3)

where š2,5,2 and ŝ2,5,1 identify the gross output in coal respectively in
the subsystems of coal and iron which allow to nullify b2.

Eq. A.2 is a direct consequence of the linearity property explained in
Section 2.1—eq. (2.2)—, which basically implies that, given a subsystem
Si and the related net output yi, in order to find the subsystem related to a
new objective net output y0i we just have to multiply all the elements of the
original subsystem for y0i/yi.

Eq. A.3 is the fundamental condition of the problem. If it is satisfied,
this implies that all the labour force of the coal subsystem has been devoted
to the iron subsystem. Actually, as is explained below, A, we could rewrite
the equations using s2,4,i for i = (1, 2, 3), the element of the subsystems 1,2
and 3 related to labour in the coal sector, and results would be exactly the
same.
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Clearly, the system defined by equations A.2-A.3 is not defined, because
there are three unknowns: y̌2, š2,5,2 and ŝ2,5,1. A way to close the system is
to find the relation between š2,5,1 and y̌2, which is straightforward. In a
way analogous to eq. A.2, we know that

ŝ2,5,1 =
ŷ1

y1
s2,5,1 (A.4)

and then, since the extreme (y̌2, ŷ1) must lie on a prolongation of the fron-
tier in Fig. 1, we have that

ŷ1 = y̌2g + q (A.5)

where g and q are given and represent the gradient and the quotient of the
frontier. Putting eq. A.5 in eq. A.4 we obtain the formula

ŝ2,5,1 =
y̌2g + q

y1
s2,5,1 (A.6)

Eq.s A.2, A.3 and A.6 represent the system from which y̌2 can be com-
puted. Putting eq.s A.2 and A.6 into A.3 we can obtain that

s2,5,1
y̌2g + q

y1
+

y̌2

y2
s2,5,2 + s2,5,3 = 0 (A.7)

from which we can obtain the formula

y̌2 =
�s2,5,3 �

s2,5,1q

y1
s2,5,1g

y1
+

s2,5,2

y2

(A.8)

Summing up, with eq. (A.8) we determine the minimum net product in
coal that brings the gross production in coal to 0, the consequent maximum
production in iron ŷ1 through eq. (A.5), and hence the factors ŷ1/y1 and
y̌2/y2 that multiply the subsystem of iron and coal respectively.

It is important to note that, for the properties of subsystems, if we com-
pute a factor y̌i/yi, and the related factor ŷj/yj , that brings the gross product
of a generic industry i to 0 and the net product of industry j to its maxi-
mum, then all the inputs of industry i will be brought to 0.

This is due to the fact, described by equations (1.3)-(1.4), that a row
in a subsystem is simply the row of the original system, multiplied by a
constant xk,i < 1. This is because, in a subsystem, the original productive
technologies must be respected, and hence the proportions in which each
input enters into the productive process of an industry must be the original
ones.
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Continuing the example of Section 2.2, in the subsystem of coal we have
that row 2 is determined multiplying the original inputs and output of the
industry of coal by a factor x2,2. Mathematically, we have that

s2,1,2 = x2,2a2,1

s2,2,2 = x2,2a2,2

s2,3,2 = x2,2a2,3

s2,4,2 = x2,2l2

s2,5,2 = x2,2b2

where s2,i,2 identifies a generic element of row 2 of the subsystem of coal—
see Section 2.2.

In the same way, row 2 of the subsystems of iron and wheat are deter-
mined by the factors x2,1 and x2,3

Therefore, eq (A.7) becomes

x2,1b2
y̌2g + q

y1
+

y̌2

y2
x2,2b2 + x2,3b2 =

x2,1
y̌2g + q

y1
+

y̌2

y2
x2,2 + x2,3 = 0

(A.9)

This means that the determination of the minimum net output in coal
depend just on the factors x2,1, x2,2 and x2,3, not on b2. If we rewrite eq.
(A.7) in the following way

s2,1,1
y̌2g + q

y1
+

y̌2

y2
s2,1,2 + s2,1,3 =

a2,1x2,1
y̌2g + q

y1
+

y̌2

y2
a2,1x2,2 + a2,1x2,3 =

x2,1
y̌2g + q

y1
+

y̌2

y2
x2,2 + x2,3 = 0

(A.10)

the result is the same, which in turn demonstrates that the same repropor-
tioning factors ŷ1/y1 and y̌2/y2 that bring b2 to 0, bring to 0 also a2,1 and the
same is true for whichever input of the industry of coal.
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