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‘[T]he complexity of the machine to be imitated is concentrated in the tape and does not appear in the 
universal machine … in any way.’ 
Turing, 1986 [1947], p. 112; italics added 
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§1. Introduction 
 

‘The question of where the idea of complexity came from has a simple answer: it came from 
mathematics.’  
Rosser, Jr., 2009, p. 5; italics added. 

 
In this I am in substantial agreement with Rosser, Jr., although he has finessed it substantially 

in subsequent writings. My own view on the many-splendoured nature of complexity is 

tempered by what I call the omniscience of axiomatic mathematics, mathematical logic and 

metamathematics (based on what Bishop, 1967, p.9, calls principle of omniscience). I should 

add that the notion of intuitive1 – which is, by any standards, a common-sense (in the sense of 

G. E. Moore) term - is only the ‘other side’ of the coin of omniscience. Perfect rationality, 

contrasted with bounded rationality is like omniscience vs. intuitively valid, entities2. 

 

My take on any complexity theory – whether it be computational, algorithmic or whatever – 

is within an equivalence between Brouwerian constructivism and Turing’s computability 

brought about by continuity3 and without axioms. In addition, the inductive logic that will be 

a backdrop to the computably constructive complexity theory (see §4) that underpins this 

work will be what Kolmogorov (1932; 1998, p. 328) called calculus of problems (or problem 

solving).  

 

It is from these viewpoints that I shall mention some of the ideas of complexity originating in 

philosophy, physics and other applied sciences. This ‘applied scientific’ view is the topic of 

section 2, the next one, which is an outline on my own contribution to the study of classical 

complexity in economic theory – but I shall not tackle in detail the rich approach of Herbert 

 
1 Used all over, in particular, in computability theory as if it is a ‘clear’ notion (it is ‘as clear as mud’ 
– pace Meredith, 1931; 1973, p. 266) – but, constructive mathematics, of the Brouwerian variety, is 
intuitive in common-sense terms! 
2 One is reminded of the Italian saying quoted by Voltaire in 1770: ‘Il meglio è l'inimico del bene’ – a 
rough (personal) translation is: ‘the best (or better) is the enemy of the good.’ Simon’s notion of 
‘bounded rationality,’ or Shackle’s ‘bounded uncertainty,’ is like Voltaire’s ‘good’ and the ‘perfect’ 
of conventional economic theory is equivalent to ‘the best.’ It is easy to show that Turing’s ‘rules of 
thumb’ processes are intuitively valid and equivalent to ‘machine processes’, as such, in the same 
class as bounded rationality or bounded uncertainty in the context of algorithmic complexity theory 
(Turing, 1947: 1986, p. 107). I conjecture – the proofs can be free of axioms - that bounded rationality 
and bounded uncertainty are implementable in machine processes and are amenable to computational 
complexity considerations. 
3 The determination of continuity using oracles (Braverman, 2018, p.3) is an affirmation of the 
intuitive nature of supposedly rigorous e - d definition. 
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Simon; I have dealt with it elsewhere (although it appears almost everywhere like shadows in 

a Noh drama – but not in their full senses).  

 

Section 3 emphasizes the computability underpinnings of complexity – whether from the 

viewpoint of scientific computing or Kolmogorov (or Descriptive) complexity4. The former 

encompasses the BCSS (Blum-Cucker-Shub-Smale, see Blum. et.at., 1998) model, bit-

computation (see Braverman & Cook, 2006) model, interval arithmetic (see Moore, 1975) 

and other continuous (eg., Mazur, 1963; Weihrauch, 2000, Aberth, 2001) domain 

complexities. The latter is an umbrella term encompassing Entropy, Shannon information 

theory, algorithmic information theory, Diophantine complexity, algorithmic or von Mises 

randomness, and related discrete fields. 

 

Section 4 is about ‘future research directions’ in computably constructive complexity theory 

in economic theoretical research.  

 

The addition of the qualifying term, computably constructive complexity (without axioms), 

that is – to some extent – original. I shall not develop a theory of computable complexity for 

macro, meso or micro economies separately (even if I can), nor even for any type of game 

theory – or, indeed, for any specialized economic theory. I shall simply discuss the 

applicability of computably constructive complexity for economic theory, tout court5. 

 

The rest of this section is devoted to some general remarks on aspect of complexity theories 

growing out of computably constructive problems (or algorithmic problems). Implicitly, it is 

about the relevance of algorithmic (computably constructive) complexity theories for 

economic research. 

 

First of all, much – but not all - of mathematical complexity theory tackles problems by 

defining then to be in complexity classes, for example in P or NP and refining them 

 
4 One must never forget that Kolmogorov complexity is uncomputable – i.e., in terms of inductive 
logic, it leads to undecidable problems. 
5 Lucas (1987), pp. 107-8, advocates, for quite different reasons, the eventual consideration of 
economic theory, without ‘modifiers’ like macro, micro and so on. My stance does not mean that 
works by Elsner, et. al., (2015), and many others of a similar nature, have no relevance for the 
analysis of complexity theoretic issues in economics. Quite the contrary. 
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progressively by trying to answer whether P ≟	NP6. Almost the ‘latest’ classification of 

complexity classes are as follows (see Immerman, 1999, ch. 27): 

L ⊆	NL	⊆	NC	⊆	P ⊆	NP ⊆	PH ⊆	PSPACE  (1) 

Where, (algorithmic): 

L: Deterministic Logspace; 
NL: Nondeterministic Logspace; 
NC: Nick’s Class (Nick Pippinger’s Class); 
P: Deterministic Polynomial Time; 
NP: Nondeterministic Polynomial Time; 
PH: Polynomial-time Hierarchy 
PSPACE: Polynomial Space; 
 

Remark 1 
All Arithmetical Games are in one of the above complexity classes. 

 
All these complexity classes are algorithmically defined and: 
 

Remark 2 
Algorithms are (by definition) Dynamic. Therefore, algorithmic processes are 
equivalent to dynamical systems. 

 
There are many- essentially ‘equivalent’ ways of defining a dynamical system, for example 

as done so in Hirsh & Smale, 1974, chapter 8, pp. 159-160; all of them are for discrete and 

continuous dynamical systems, most obviously in terms of (nonlinear) difference and 

differential equations. To each of these ways, there is a corresponding way of defining 

algorithmic processes, including the Halting Problem for Turing Machines – i.e., 

undecidabilities – or the stopping rule. 

 
Remark 4 
A dynamical system is (for example) a: 

C1 map Â (or À) ´ Á  
!→	Á  (2) 

where: 
C, Â & À have the usual interpretations and Á can be a manifold. 
f (t, x) = ft (x) and the map ft: Á ® Á satisfies: 

f0: Á ´ Á is the identity  (3) 
The composition ft • fs = ft+s ," t, s in Â (or À) (4) 

 

 
6 The question of P ≟ NP is the third of seven problems of the Clay Mathematics Institute. Much of 
this emanates from Cobham (1965), though computationally difficult/easy had a rich pedigree earlier. 
7 The ‘map’ in Frenkel (1987, pp. 456-7) should be compared with that in Immerman (op. cit, p. 42) 
for understanding the ‘evolution’ of complexity classes. 
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Theorem 1: There is no effective procedure to decide whether a given observable 
trajectory is in the basin of attraction of a dynamical system capable of computation 
universality. 

 
Proof. The first step in the proof is to show that the basin of attraction of a dynamical 
system capable of universal computation is computably enumerable but not 
computable. The second step, then, is to apply Rice's theorem to the problem of 
membership decidability in such a set.   

 
Remark 5: There is a classic mathematical `fudge' in my proof of the computable 
enumerability of the basin of attraction: how can one try out, `systematically', the set 
of uncountable initial conditions lying in the appropriate subset of Â? Of course, this 
cannot be done and the theorem is given just to give an idea of the problem that one 
may have to consider in computably constructive theories. 

 
Remark 6 
The considerations regarding sets, on the one hand, and functions, on the other, have 
to be observed – in particular in the continuous/discontinuous cases (especially the 
applicability of characteristic functions to decide membership in a set). 
 

Secondly, algorithmic mathematics classifies problems in terms of decidability and 

undecidability; then, a finer classification of decidable problems is achieved by means of 

(mathematical) complexity theories8.  

 

Thirdly, Penrose (1989) raises the question of intuitive recursiveness of some well-known 

dynamical systems – for example the Mandelbrot set, say %	⊆	Â2; this is related to decidable 

theories. That, in turn, is a question of relevance to the complexity of different continuous 

processes (see Brattka, 2003). However, I interpret Penrose’s important questions of 

‘intuitive recursiveness,’ via the Church-Turing thesis9, as one in computability of dynamical 

systems; i.e., the decidability of constructively computable dynamical systems (which is what 

Remark 3 is about).  

 

Fourthly, the way the relations in (1) have evolved is not by ‘theory’ determining ‘practice’, 

or theoretical determination of empirical frameworks, but the other way about. This is most 

evident when one compares the development of the BCSS model with the bit-computation 

model (see Brattka, op.cit., & Braverman, op. cit.) in computational complexity theory– but 

 
8 Algorithmically undecidable problems are further classified in terms of (Turing-) degrees and 
(Turing-) reducibilities. 
9 Instead of thesis, I prefer the term (natural) law (Post, 1936, p. 105 & 1944; 1994, p. 465), in the 
same sense as the second law of thermodynamics is used a limitational entity for reversible processes.  
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also in Kolmogorov complexity (and the concepts related to it – for example, Algorithmic 

Entropy, Algorithmic Randomness, Algorithmic Information Theory etc., Uspensky, 1992). 

 

Finally, it is possible to demonstrate10 that the perfectly rational economic agent is incapable 

of finer classifications of decidable problems (or stratification of undecidabilities); this means 

that the perfectly rational economic agent – in contrast to the boundedly rational economic 

agent – cannot be analyzed in terms of computably constructive complexities. Contrariwise, it 

can be shown that boundedly rational and satisficing economic agents can stratify decidable 

problems using continuous and discrete computably constructive complexities (bearing in 

mind that Kolmogorov complexity is uncomputable, which should mean that continuous 

complexities must have their share of uncomputabilities, as well). The questions regarding 

decidable (or undecidable) problems are not part of conventional economic theory – in spite 

of the fact that the paradigmatic issue in computational complexity theory is the travelling 

salesperson’s problem (TSP) and the finer classification of complexity classes is also an 

economic problem (particularly of general equilibrium theory). 

 

§2. ‘Classical’ Complexity Theoretic Perspectives 
‘What makes the evening primrose open when it does? …. On what does the price of wheat 
depend? [These are] … problems of organized complexity. … These new problems … cannot 
be handled with the statistical techniques so effective in describing average behavior in 
problems of disorganized complexity.’ 
Weaver, 1948, pp. 539-540; first set of italics in the original. 

I am of the view that non-computable – whether constructive or not – complexity, which I 

refer to as classical complexity, is intimately tied up with novelty, emergence and evolution; 

therefore, classical complexity has philosophical, scientific and statistical underpinnings – 

i.e., (British) emergentism, (Stacian) philosophy, Weaver’s (applied) scientific and Santa Fe 

type statistical foundations11.  

 

Weaver figures prominently in Herbert Simon’s work on hierarchical complexity, following 

the two-fold division of complexity into disorganized and organized types. It is organized 

 
10 This can be stated as a proposition and proved mathematically – but I am unable to do it without 
axiomatizing the theory. 
11 By ‘British Emergentism’ (McLaughlin, 1992) I am referring to the theory of novelty that emanates 
from John Stuart Mill and finds its apotheosis in the work of Lloyd Morgan; by Stacian philosophy I 
am referring to the work based on W. T. Stace (1939) and for the Santa Fe ‘vision’ I take Arthur 
(2015) as encapsulating it. 
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complexity and the consideration of many, but not non-finite, number of variables, that was 

relevant for Simon’s hierarchical complexity. Simon is squarely with the decidable 

framework of computability theory (even if not explicitly within the constructive tradition) 

when discussing complexity theory. In Simon, 1962, pp. 467-8, he ‘confesses’ that: 

‘[He] shall not undertake a formal definition of ‘complex systems.’ Roughly, by a complex 
system I mean one made up of a large number of parts that interact in a non-simple way. In 
such systems, the whole is more than the sum of the parts, … in the … sense that, given the 
properties of the parts and the laws of their interaction, it is not a trivial matter to infer the 
properties of the whole.’ 
Herbert Simon, 1962, pp. 467-8; italics added. 

 
‘Parts’ interact with ‘wholes’ in a ‘non-simple way’ such that complexity brings about ‘the 

fallacy of composition’ in a system (in this case, in an economic system – whether micro, 

meso or macro; see Velupillai, 2018, especially chapter 7).  

 

Weaver presaged one aspect of the Santa Fe vision in his consideration of disorganized 

complexity, and via that, to statistical methods – thus leading to a study of the average 

behavior of an ensemble, as done in self-organised criticality. 

 

Hayek’s contribution to a complexity vision, though pungent and characteristically 

provocative, is somewhat puzzling. It was, originally, a chapter in the volume edited by 

Mario Bunge and presented to Karl Popper on his 60th birthday. So, it is understandable that 

Hayek’s contribution to this event determines the tenor of his approach to classical 

complexity. I am, in any case, left rather puzzled by notes 9 and 10 on Weaver and the British 

Emergentists, for example, in note 9 (italic added), of Hayek (1964)12, we are told that: 

“[W]hen writing this [i.e., Hayek, op.cit.,], I knew only in the abbreviated version [of 
Weaver, 1958, published as Weaver, 1961] which appeared in the American Scientist, 
XXXVI, 1948.”  

 

Note 10 in Hayek is simply a rewritten statement that can be found in Lloyd Morgan (1927), 

but, of course, Hayek was a serious student of John Stuart Mill.  

 

I do not think this particular contribution to the theory of complex phenomena rises much 

above the ‘average’. There are, of course, important observations, interspersed between 

 
12 However, Hayek makes some prescient observations about mathematics (Hayek, op.cit., p. 332 & 
note 1) that makes me wonder whether he has nodding acquaintance with Brouwerian constructivism!   
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statements that, in addition to emanating from the British Emergentists, Weaver and Popper, 

cannot be a presaging of dynamical systems theory approach to complex phenomena, or a 

useful contribution to predictability. I cannot imagine this particular contribution by Hayek 

being a stepping-stone to any of the previously stated approaches to Evolutionary Emergence 

of Complexity. In particular, Hayek’s strictures against the noble role of laws in scientific 

discourse must, surly, lead to the great Emil Post squirming in his grave – not to mention 

Turing! 

 

Barkley Rosser (1999) has opted for what he calls Richard Day's ‘broad tent definition’ of 

complexity in his work on nonlinear, complex and emergent economics – both in 

microeconomics and macroeconomics – with an underlying focus also on the importance of 

discontinuities13, op.cit., pp. 170-1; italics added: 

‘Despite its ‘broad tent’ nature, this definition does not fit all of what some 
economists have called complexity. .... 
However, Day's (1994) broad-tent definition remains attractive, because it is 
sufficiently broad that it includes not only most of what is now generally labeled 
complexity, but also its nonlinear dynamics predecessors ...  . 
Although complexity is a multidisciplinary concept derived from mathematics and 
physics, the extra complications arising in economics because of the problem of 
interacting human calculations in decision-making add a layer of complexity that may 
not exist in other disciplines.” 

 
The Day-Rosser approach to the characterization of a complex dynamical system eschews 

any reliance on ‘high dimensionality.14’ In fact, it is easy to show – even constructively – that 

nonlinearity alone is sufficient to ‘kill you’ and that ‘high dimensionality’ is, at best, only an 

unnecessary adornment. Indeed, an appropriately constructed nonlinear dynamical system, in 

fact, a piecewise-linear (but continuous, see Braverman, op.cit.)  dynamical system, 

‘connected with fundamental research in computer science’ can generate the kind of 

dynamical complexity characterized by the Day-Rosser definition even in one-dimension. 

 
13 It has to be remembered that in Brouwer’s constructive mathematics and in computability 
theory all functions are continuous. 
14 Which – in its statistical version – is characteristic of the Santa Fe Vision; as reported by 
Fontana & Buss (1996), pp. 56-57, italics added: 

‘....  Many failures in domains of biological (e.g., development), cognitive (e.g., 
organization of experience), social (e.g., institutions), and economic science (e.g., 
markets) are nearly universally attributed to some combination of high dimensionality 
and nonlinearity. Either alone won’t necessarily kill you, but just a little of both is 
more than enough. This, then, is vaguely referred to as “complexity”.’ 

High dimensionality is sufficient but not necessary, but nonlinearity is both necessary and 
sufficient! 
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The perceptive observation, ‘connecting dynamical system with fundamental research in 

computer science’, is crucial in this regard. 

 

It is possible to show that the definition of the Day-Rosser broad tent definition of dynamic 

complexity is squarely within the domain of computably constructive complexities. For this, 

the following strategy can be employed. First define, for an abstract (one-dimensional) 

dynamical system, the concept of universality via an equivalence with a dynamical system 

with a suitably initialized Universal Turing Machine. Next, show that the attractors of such 

dynamical systems satisfy the Day-Rosser criterion for dynamic complexity. Then, construct 

a minimal dynamical system capable of computation universality. Finally (going slightly 

beyond the Day-Rosser aims), show how the algorithmic complexity of such a minimal 

dynamical system, capable of computation universality, can be given formal content in terms 

of the uncomputable Kolmogorov complexity of the equivalent Universal Turing Machine. 

 

This section can end with a claim: 

Claim 1: Only dynamical systems capable of computation universality are 
dynamically complex in the sense of Day-Rosser 

 
I can only dimly perceive the claim’s proof in constructive terms. However, if it can be 

proved constructively, the claim can establish a fruitful connection between dynamic 

complexity in economics, universal computation and computational complexity. 

 
§3. Computational Complexity Theory  
 

‘The development of computational complexity theory for continuous mathematics may well 
raise questions for the foundations of computer science.’ 
Smale, 1985, p. 88; italics added. 
 
 
‘As the "relative complexity" of an object y with a given x, we will take the minimal length 
l(p) of the "program" p for obtaining y from x. The definition thus formulated depends on the 
"programming method," which is nothing other than the function  

j (p, x) = y 
that associates on object y with a program p and an object x. 
…. [W]e .. assume that the function j is partially recursive. For any such function we have 

K(j y/x) = " #(%)j	($,&)()
*+,

¥	()	*ℎ,-,	(.	/0	%	.12ℎ	*ℎ3*	j(%, 5) = 7’  

Kolmogorov, 1968, p. 16515. 
 

 
15 K is the formal (i.e., mathematical) definition of the (uncomputable) Kolmogorov complexity. I have 
used the symbol ¥, but I should have simply said ‘undefined.’ 



 9 

I have dealt, extensively, with Kolmogorov complexity16 and the BCSS model of computation 

in Velupillai (2000 & 2009, chapter 4); so, I have only to deal with ‘residual’ issues with 

regard to these concepts. However, I have almost not considered bit-computation, at least not 

explicitly (except, implicitly, as part of analogue computation Velupillai, 2004, where I was 

also concerned with interval analysis of the Moore-variety, & 2011). However, both 

Braverman (op.cit.) and Feferman (2013)17 are excellent on bit-computation. 

 

On the other hand, I do not agree with the Smale quote above (it is a pleasure to disagree with 

a maestro - but see also Batterson, 2000.p. 244); I don’t think any ‘questions for the 

foundations of computer science’ are raised by issues of continuous mathematics. This is 

clear from Turing (1937b), particularly referring to Brouwer’s definition real numbers, but 

also Turing (1986, especially chapter 3) and Turing (1948; 1994, pp. 109-110), reinforced by 

Mazur (op.cit.)18. 

 

Some issues that are important, in general, have to be mentioned. 

 

First of all, it has to be observed that digital computing means over discrete variables (in this 

case, over the natural numbers). When Mount & Reiter (2002, pp. 1) state19: 

‘Computing with real numbers offers some important advantages in the context of scientific 
computing …’ 

 
and refer to the BCSS model, they seem to be careless (without specifying what they mean by 

‘some important advantages,’ especially when compared to the bit-computation model of 

scientific computation). It is, of course, true that most economic models (and economists) 

assume continuous (real number) variables, irrespective of ideology (or ‘schools of thought’), 

from time ‘immemorial’, and this meant that they accepted the omniscience of classical 

mathematics (particularly with regard to logic and proof); they – the economists – were 

 
16 Most of the ‘umbrella concepts’ that fall under this have been dealt with (algorithmic information 
theory, algorithmic randomness, Diophantine complexity, etc.), except Shannon entropy and 
information theory, which have been dealt adequately by many competent authors. 
17 The article by Feferman is especially relevant for the computably constructive complexity approach 
because, as he says (op.cit., p. 56): 

‘… I shall relate the effective approximation [bit-computation] approach to the foundations of 
constructive analysis in its groundbreaking form due to Errett Bishop.’ 

18 Which dates back to just after Turing (1937a - which should really be 1936). 
19 Most of what they continue with, in the subsequent pages, is slightly dubious – but they are correct 
in attributing them to classical mathematics. 
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unaware of the development of intuitionistic logic and constructive mathematics20. Therefore, 

it is not very plausible to expect them, without an ‘intellectual struggle’ to accept a 

computably constructive complexity. In some senses, Goodwin’s (1989, p. 251; italics added) 

view encapsulates this: 

‘Is time a continuous or a discrete variable? Does one assume that nothing happens between t 
and t + 1? This is grossly unrealistic, but the alternative involved in a finite difference with 
continuous time, means horrendous difficulties.’ 

 

Secondly, the BCSS model is about exact real computation on the reals (see Blum, et. al., 

op.cit., p..vi) and the bit-computation model is on approximation over the reals. I value 

approximations, especially with regard to computably constructive complexities. 

 

Thirdly, Kolmogorov complexity is about individual variables (and entities). Kolmogorov 

complexity, algorithmic information theory or algorithmic inductive inference are about 

compressing to a minimal degree; this is easily comprehensible to a layperson, because s(h)e 

‘routinely’ compresses files to a zip-format! This means that one can understand the concept 

of optimal complexity which is, actually, called the entropy of a class (= set) of complexities 

(of a set of things) and, therefore, the relationship between Kolmogorov complexity and 

Shannon entropy (or information)21. This underscores the importance of item four in the 

introduction (pp. 4-5) about practice determining theory. 

 

Fourthly, and finally, I shun all notions of probability – except von Mises’s aphorism: 

‘Erst das Kollektiv, dann die Wahrshieinlichkeit.’22 

I can now come to computably constructive complexities. 

 

I base this on the triptych of randomness, incompressibility and, most importantly, lawless 

sequences23; the last one of these concepts cements the constructive element with 

 
20 See Ok (2007, footnote 47) for typical unawareness by (mathematical) economists. Even Mount & 
Reiter (op.cit., p. 2) ‘confess’ that: 

‘Real computing opens connections to classical mathematics.’ 
21Entropy was defined by Shannon (1948, p. 392) – different from Clausius, Boltzmann and Gibbs; 
Uspensky (1992, p. 86) defined optimal complexity as equal to (constructive and algorithmic) entropy.  
22 My (loose) translation is: 

‘First, the collective, then the probability.’ 
By Kollektive von Mises means random. 
23 I learned about lawless sequences via choice sequences and spreads in Brouwer’s analysis of the 
continuum, mostly from Dummett (1977, chapter 3) & Van Atten (2004, chapter 3). For the 
incompressibility method, I am indebted to Li & Vitanyi (1993, chapter 6).  
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complexities represented by the incompressibility method towards randomness and non-

determinism (or oracle computation). Lawless sequences are, as far as I am concerned, 

equivalent to choice sequences and linked indelibly with Brouwer’s noble attempt to provide 

a set theory with consistency for continua.  

 

The initial segments of (infinite) lawless sequences are finite and provide a justification of 

any of the concepts related to Kolmogorov complexity giving a minimum compression; the 

infinite lawless sequence provides the ‘undefined’ part; and the uncomputability of 

Kolmogorov complexity is related to non-determinism and oracle computation, which gives 

rise to the Halting Problem for Turing Machines. The incompressibility method provides the 

constructive proof – without axioms – of the uncomputability of Kolmogorov complexity. 

 

Similarly, for bit-computation of real number variables, one can apply the same techniques as 

for Kolmogorov complexity – especially because, using spreads and bars (as in Brouwerian 

inductive logic founded constructivism) there can be no discrete foundations for the continua. 

 

§4. For the Future …. 
`Many if not most computing processes in the real world are online or interactive processes, 
better modelled by an o-machine than an a-machine24.’ 
Soare, 2009, p. 395. 

 
In accordance with item 4, pp.4-5, and item 3 on p.11, I have maintained, and Soare 

confirms, the ‘real world’ determines theory! Oracle machines – or relative computation – are 

a confirmation of this hypothesis. 

 

‘For the future,’ then, as a research topic, or plain teaching device, I conjecture that three-

types of ‘real world’ interaction must take place (actually, it is already a common occurrence 

in most – if not all – parts of the world where internet and social media coverage is even 

partially extensive) if we are to evolve and progress: 

• Person-machine interaction; 

• Machine-machine interaction; 

• Person-person interaction; 

 
24 o-machine refers to an oracle machine (see Turing, 1939; 2012, p. 52) and an a-machine to an 
‘ordinary’ Turing machine. 
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In the context of studies and research on computably constructive complexities, every 

theorem, without axioms, will be augmented by the above three as arithmetical games. Proofs 

of the theorems will be constructive incompressible methods – and the problems would be 

solved in real time by search methods leading to decidable predicates. 

 

Richard Karp, the ACM Turing Prize Winner, said – in his interview with Karen 

Frenkel (1987a, p. 464; italics added): 

‘.. I do think there are some very worthwhile and analogies between complexity issues in 
computer science and in economics. For example, economics traditionally assumes that 
the agents within an economy have universal computing power and instantaneous 
knowledge of what’s going on throughout the rest of the economy. Computer scientists 
deny that an algorithm can have infinite computing power. … So there’s a clear link 
there with economics.’ 
 

 

I hope complexity science, as computational complexity theory, enables economists to be as 

humble as dentists (pace Keynes!) – if not measured in their knowledge and assumptions as 

computer scientists are. 
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Appendix 
 

‘Economists May choose the preferred math representation by philosophical preference; or by 
mathematical beauty or computational simplicity.’ 
Ping Chen, 2017, p. 17; italics added. 

 

There is much that is appealing and issues of modelling complexity science I agree with in 

Chen (2017), which is stimulating; so, I shall concentrate on it, in this appendix. Before that I 

must say something about the important Arthur (2021) and Yakaovenko & Rosser, Jr. (2009) 

articles, keeping in mind that I ‘shun all notions of probability’ (p.10, above). 

 

I have had my say about the Santa Fe vision and Arthur in other writings and this is 

confirmed in Arthur (2021); but one point that has to be mentioned in connection with 

Arthur’s remark that the Santa Fe/Arthur ‘approach has variants and forerunners’ in the work 

of Veblen, Simon and Hayek. I don’t see anything in common between the work on 

complexity by Veblen and Simon, on the one hand, and Santa Fe/Arthur25, on the other; as far 

as I am concerned Hayek’s contribution to any form of complexity is vacuous (as I have 

mentioned in §2, above). 

 

As for Yakovenko & Rosser, Jr. (op.cit.), it is refreshing to see that they define and refer to 

Econophysics as a variant of an applied theory of probability (p. 1703). 

 

Chen’s intuition about Frisch26, and his claims, are substantiated by Zambelli’s work; the 

Frisch ‘rocking horse does not rock’ and much of modern business cycle theory is not sound, 

to the extent that it depends on Frisch’s metaphor (it is nothing more than this because Frisch 

develops a linear difference-differential equation model and just shows the possibility of 

asymptotic fluctuations in it, without showing that it oscillates for the relevant parameter 

values). I have discussed this aspect for over thirty years and there is no need to refer to these 

– or Zambelli’s – works. 

 

 
25 I consider Arthur’s approach to complexity largely that of the Santa Fe view, with minor variations 
– both emphasize statistical factors applying to large – actually, uncountable infinite - populations. 
26 Frisch’s claims that it was in 1907 that Wicksell postulated the ‘rocking horse’ principle is 
incorrect. 
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However, his statement (p. 19) about Keynesian disequilibrium school using linear models is 

incorrect – just as an example, Goodwin’s work on business cycle inspired disequilibrium 

aggregative economics is comprehensively non-linear. 

 

Chen does say (op. cit. p. 46; italics added) that: 

‘[N]eoclassical economics is mainly the product of Anglo-Saxon culture based on 
individualism.’ 
 

Although, broadly speaking I agree with this characterization, I think he is both somewhat 

naïve and sophisticated (even though he ‘covers’ himself by qualifying with ‘mainly’), at the 

same time; the term neoclassical economics, itself, was coined by Veblen27 in 1900 – so, 

Marshall, Edgeworth, Fisher, Pareto etc., could be considered as founders of it. However, the 

originators of the marginal method were Jevons, Menger and Walras – and Menger, Walras 

and Pareto were not anglo-saxon! On the other hand, I think Chen is being too ‘modest’ – 

neoclassical economics, particularly the way he has characterized it, is a dominant school 

(sadly) in all cultures. 

 

Be that – or those – as it may, Chen is most concerned with ‘empirical relevance’ (see my 

‘fourth case’, above, pp, 4-5) and harnesses, amongst other concepts, those from 

mathematics, philosophy and computability (computational science or numerical algorithms, 

cf., in particular pp. 44-45), in arguing for complexity science, in particular computational 

complexity. I do applaud these. In addition, his discussion is directly relevant to the main 

subject of mine in this paper (see, for example, p. 24 on white and colour chaos). 

 

On one fundamental issue we differ! Chen’s empirical relevance is modulated by physics and 

probabilistic (whether statistical or stochastic) laws; I shun all such notions and rely on 

uncompromising determinism! I believe in the generalized approach to empirical relevance of 

complexity science, via symbolic dynamics unifying maps and flows (in dynamical system 

terms). This brings together non-equilibrium, non-stationarity, non-linear & non-periodic 

approach to empirical relevance and computational complexity in terms of non-deterministic 

oracle computation. In this way, I can develop a computably constructive complexity to 

encapsulate complexity science in an empirically relevant way.  

 

 
27 Veblen hyphenated the term ‘neoclassical’ when he originated it. 
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In the sense of computably constructive complexity, shunning probability theory – and it’s 

ancillary fields – I pay homage to Newton & Einstein, Turing & Shannon and Brouwer & 

Kolmogorov, giants on whose shoulders I stand (pace John of Salisbury, via Newton to 

Hooke). 
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