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“Particular proportions …. cannot alter its mathematical properties.”                                    

Piero Sraffa, PCMC, 1960, § 31, p. 26 (italics added) 

 
 
 
 
 
 

 
§ PCMC: Production of Commodities by Means of Commodities – Prelude to a Critique of 
Economic Theory by Piero Sraffa (Cambridge University Press, Cambridge, 1960). My 
‘interpretations’ of PCMC are based ‘on what [is] available in the public domain’, to use Geoff 
Harcourt’s felicitous words on p. vii, in the Foreword to Sinha (2016). I am greatly indebted to my 
friend, Dr. Ragupathy Venkatachalam, for constructive (sic!) comments on the first draft; he is 
definitely not responsible for any of the remaining errors. 
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§ 1. Introductory Thoughts 
“Sraffa wrote English prose of remarkable purity and elegance, but the subject matter of his 
published work did not give much scope for the wit and the penetrating observations on 
public and private affairs that were the constant delight of his friends.” 
Times Obituary, 6/9/83; italics added. 

 
Sinha (2016, p. xi; italics added) – and emphasized by Harcourt, in his Foreword – thinks, 

and makes an excellent case for, taking into account the philosophical nature of Sraffa’s 

PCMC (in addition, of course, to the central economic theoretical aspect to it): 

“The common mistake, that the ‘Sraffians’ as well as the leading orthodox theorists 
have made with regard to the nature of Sraffa’s contribution, is that he is read within 
the well- established frame of discourse in economic science without any concern for 
the philosophical underpinnings of his contribution to economic theory. This has led 
to a profound misunderstanding of the nature of Sraffa’s contribution.1 

I wish to make a case, in this brief paper, for the mathematical2 nature of PCMC. I have been 

greatly helped by many insightful interpretations by Sinha (ibid) of Sraffa’s oeuvre, including 

– in particular – his (i.e., Sraffa’s) ‘notes’ deposited in the Wren Library of Trinity College, 

Cambridge. Among Sinha’s many appropriate characterisations of PCMC – always well-

founded – one that struck me vividly (at least from the mathematical point of view) was that 

on p. ix, (italics added): 
“[PCMC] is less than 100 pages long and reads like an example of minimalist art in economic 
prose.” 

Nothing superfluous should be in a precise3 mathematical tract and, thus, PCMC viewed as a 

particular mathematical tract, as I shall do so, is minimalist, although almost all of its rich 

contents are economic4. 

For at least the past forty years, even as I have read and re-read PCMC, and increased my 

understanding of various aspects of constructive mathematics and its intutionistic 

underpinnings, one constant remains intact: I have always maintained that PCMC is a 

mathematically impeccable text and, in particular all the (explicit) proofs of propositions in it 

are constructive.  

 
1 Sinha (2016, op. cit., italics added), substantiates his case by quoting Sen, 2003, p. 1240: 

“Sraffa’s economic contributions ... cannot, in general, be divorced from his philosophical understanding “ 
2 Not, perhaps, as good a philosophical case for Sraffa, in general, and PCMC in particular, as made 
by Sinha (and Sen; see also McGuiness, 2008, pp. 15-16 & p. 229). 
3 I use ‘precise’ instead of ‘rigorous’, mainly because I have never read a definition of rigour or 
rigorous, in the standard mathematical literature. 
4 Minimalist does not imply minimum. 
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On the other hand, I cannot – and do not – claim that I neither (completely) understand 

PCMC, nor do I have a complete grasp of constructive mathematics and, above all, its 

intuitionistic underpinnings.  

I want, however, to point out that in PCMC – as in all of Sraffa’s publicly available 

documents and published papers (that I am aware of) – no probabilistic or stochastic 

arguments are part of the analytic apparatus. In this regard, he is squarely in the constructive 

mathematical fold of Brower and Bishop – though not, perhaps, in the Martin-Löf camp 

(because he Martin-Löf – does theorise about statistical criteria in that part of his work 

devoted to this subject. 

I follow this tradition uncompromisingly, partly because I can deal with so-called 

probabilistic-stochastic-statistical reasoning by using non-determinism and oracle 

computation effectively. Using conventional probabilistic-stochastic-statistical reasoning is a 

case of succumbing to the omniscience of (mathematical) logic and (standard) non-

algorithmic mathematics. PCMC, in particular, is not ‘guilty’ of assuming such omniscience. 

I have no doubts whatsoever that Sraffa had an admirably complete understanding of the 

assumption and definitions that resulted in the propositions and their proofs, in PCMC. As for 

constructive mathematics and its intuitionist underpinnings, I am not sure there is a ‘uniform’ 

view or interpretation, but my own visions – at least as regards enlightened economics are 

concerned - have been moulded by the writings of Brouwer (1975, 1976, 1981), Bishop 

(1967, 1970, 1985), Martin-Löf (1984, 1998), Gandy (1959, 1980, 1995), Bridges (1982) and 

Watson (1938) - among many others. 

This paper is organized as follows.  

In the next section I outline my forty-year odyssey with the mathematics, and the 

mathematicians, of PCMC. Assumptions, definitions and propositions, of a more-or-less 

classical economic vein, are given numerical content and meaning in the strictly 

mathematical framework of PCMC. The propositions are, then, proved, in PCMC, I contend, 

in a strictly constructive way. Some, like Joan Robinson, may call the logic of the proofs in 

PCMC to be in economic logic; I am sure, however that the proofs are not in terms of 

classical logic. For various reasons that are outlined, all of them ‘circumstantial’, the new 

element in my contention is that the constructive mathematics of PCMC is underpinned by 

intuitionistic type theory.   
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The ‘circumstantial’ evidence, as almost always (particularly for a person relying only on 

publicly available material), is in terms of the mathematics and mathematicians that I 

document in the section. 

PCMC is challengingly subtitled, Prelude to a Critique of Economic Theory. It is possible 

that Sraffa refers by Economic Theory to some aspect of neoclassical or, perhaps, Austrian 

theory. Sraffa, in my opinion, was a master of economic theory – in its measurement 

(theoretical) and returns to scale aspects, in particular (but much else, both micro and macro 

economics). 

Indeed, in the Preface to PCMC (p. vi, italics added), Sraffa explicitly states: 

“It is, however, a peculiar feature of the set of propositions now published that, though they 
do not enter into any discussion of the marginal theory of value and distributions, they have 
nevertheless been designed to serve as a basis of a critique of that theory.” 

 
Especially because. p.v (italics added): 
 

“In a system in which, day after day, production continued unchanged in this respect [i.e. 
change], the marginal product of a factor (or alternatively the marginal cost of a product) 
would not merely be hard to find – it just would not be there to be found.” 
 

Alas, I do not have Sraffa’s mastery of the methodology of marginal economics. Thus, in the 

concluding section, §3, my reading of prelude is based on the narrow non-numerical aspect 

of every kinds of economic theory; PCMC was unique in considering the numerical content 

and meaning of the formal propositions, the assumptions and definitions underlying them, 

and – above all – the effectivity5 of the proofs in the book. 

It remains for me to say – even ‘confess’ – that PCMC is an algorithmic theory of 

production. Algorithms are intrinsically numerical, in content and meaning. Petty’s 

protestations notwithstanding, or even simple counting of equations and variables in any kind 

of mathematical economic model, economic theory is devoid of numerical content or 

meaning6.  

Therefore, PCMC can be written in terms of computer implementable algorithms, especially 

 
5 In the intuitive sense customary, for example, in constructive and computable mathematics. 
6 Economic theory, of whatever ideology, is – at most – syntactical, hardly semantical. I shall, 
however, not develop this line of thought further (in this paper). It will take me away from the main 
task of studying, from an algorithmic point of view, PCMC, to consider Jevons, Walras, Fisher, 
Pareto, Barone, von Mises, von Hayek, Lange, and even Scarf (see, in particular, Sreenivasan, 2005, 
p, 92). 
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– of course – all the definitions, assumptions, propositions and proofs. I subscribe 

wholeheartedly to Knuth’s view that (1996, p. ix: italics added): 

“Science is what we understand well enough to explain to a computer7. Art is everything else 
we do.” 

I am convinced that PCMC is scientific, but I also feel that science is not a given, immutable, 

activity, evolving according to Darwinian precepts. It is in this sense that my own critique is 

nothing other than a prelude, but in the full meaning of PCMC as an uncompromising 

scientific treatise. 

Any attempt to ‘shackle’ PCMC, within any theoretical framework, such as the Neo-

Ricardian or the kind of mathematics of the theory of non-negative square – or even non-

square – matrices, goes against the tenets of the subtitle of PCMC. I do not think PCMC tries 

to resurrect, or make a case for, a revival of any kind of economics – classical, Ricardian, 

Marxian, Keynesian, Neoclassical, or other hybrid versions. 

For example, neither the classical theory of production, whatever the period it refers to – but 

particularly the so-called long-period theory of production – nor the activity analysis model 

of production are algorithmic theories. Knuth (1985) is particularly illuminating on 

constructive mathematical algorithmic thinking as distinct from classical, non-algorithmic, 

mathematical thinking.  

Moreover, any kind of algorithmic thinking, particularly mathematically constructive or 

computable, is non-unique (Gurevich, 2011); even a simple consideration of non-

deterministic Turing Machines is enough to dispel this misconception and associated with 

this is the concept of Oracle – or relative – computation.  

§ 2. Some Notes on Mathematics & Mathematicians in PCMC 
 

“As the nineteenth century began, virtually all mathematical research was of a concrete, 
constructive, algorithmic character. By the end of the nineteenth century much abstract, non-
constructive, non-algorithmic mathematics was under development. What happened, how did 
it happen, and why?” 
Metakides & Nerode, 1982, p, 319; italics added. 

 
7 I suspect that Knuth confines the notion of computers to the digital kind; I am more eclectic, 
allowing the notion to refer to analog and hybrid computers, as well (especially with PCMC in mind). 
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I was convinced, for over forty years, that PCMC was an intuitionistic constructive 

mathematical text – in addition to being intensional (rather than extensional8), dawned upon 

me somewhat later – was simple. Sraffa, in PCMC, did not base his mathematics on axioms 

(or the axiomatic system); he, before the time was apposite, used just computation and 

inference rules to prove the propositions in PCMC, based on definitions and assumptions of 

an economic nature.  

 

In particular, Sraffa did not use, in deriving any of the propositions, from the definitions and 

assumptions, and proving them in PCMC: 

• reductio ad absurdum method; 
• tertium non datur (law of the excluded middle); 
• law of double negation; 
• any notion of the axiom of choice (or Zorn’s lemma) – any axioms or axiomatic 

systems, at all (infinity, reducibility, etc.); 
• the concept or notion of theorem; 
• the well-ordering principle; 
• any version of the Bolzano-Weierstrass Theorem9; 
• any notion of the Heine-Borel theorem or (its mathematical generalalisation as) 

compactness10; 
• the Perron-Frobenius theorem on non-negative square matrices; 
• any notion of the Brouwer or Kakutani fixed point theorems; 
• any notion of the Hahn-Banach, or separation, theorems;  
• any notion of the formal definition of relations (total, partial or equivalent); 

 
Sraffa, especially in PCMC, never proves any proposition using the method of reductio ad 

absurdum. By contrast, it is widely used in classical mathematical and mathematical 

economics proofs. For example, the Frobenius theorem is proved, in classical (non-

constructive) mathematics, using this method in the widely quoted volume II of Gantmacher 

 
8 I mention this aspect only because Alister Watson refers to Frank Ramsey as adhering to extensions 
(Watson, 1938, p. 444), who are – according to Sraffa, in PCMC, pp. vi-vii – two of three 
mathematicians, the third being Besicovitch, to whom he is indebted for ‘invaluable mathematical 
help.’ I shall have more to say about these three mathematicians, in the context of my PCMC thesis on 
intuitionistic constructive mathematics. 
9 I suspect that Sraffa knew of Specker sequences, recursive (un)decidability, undecidable 
disjunctions, the distinction between Cauchy’s and Dedekind’s definitions of real numbers – and, in 
general, Gödel’s results on the trade-off between truth and provability, Turing’s on the Halting 
Problem for Turing Machines, and the Goodstein sequences. However, his adherence to intuitionistic 
constructive mathematics, in PCMC, does not depend on any familiarity with these things. 
10 On the 20th of December, 1980, Sraffa wrote in my copy of PCMC (italics added): 

“This book has the advantage of being compact.” 
Obviously, Sraffa does not mean compact in any mathematical sense! 
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(1960) – see, p. 56 and for, mathematically competent economists, in Nikaido (1970, p. 114), 

or Arrow & Hahn (1971, Mathematical Appendix A).  

 

It is equally obvious that all the mathematical economics literature of post-1930 era is replete 

with use and invoking of some form of the axiom of choice, Zorn’s Lemma and the well-

ordering principle in their formulations of so-called theorems and proofs of them. Similarly, 

because almost all of the mathematical economics literature, whatever the ideology or school 

of thought – neo-Ricardian, neoclassical, Keynesian, post-Keynesian, new classical, Marxian, 

or whatever – invokes the tertium non datur, especially in existence proofs, jointly with any 

form of the axiom of choice, their use is deeply anti-constructive (of any kind – especially the 

intuitionistic variant of Brouwer). Bishop’s interpretation of the tertium non datur echoes 

Brouwer’s fundamental objection to its use in non-finitary mathematics, but the former refers 

to it as the principle of omniscience (Bishop, 1967, p.9; italics in the original): 
“This principle, which we shall call the principle of omniscience, lies at the root of most of 
the unconstructivities of classical mathematics. This is already true of the principle of 
omniscience in its simplest form: if {nk} is a sequence of integers, then either nk = 0 for some 
k or nk ¹ 0 for all k. We shall call this the limited principle of omniscience. Theorem after 
theorem of classical mathematics depends in an essential way on the limited principle of 
omniscience, and is therefore not valid constructively. ……. 
…. 
Applications of the axiom of choice in classical mathematics either are irrelevant or are 
combined with a sweeping appeal to the principle of omniscience. The axiom of choice is 
used to extract elements from equivalence classes where they never should have been put in 
the first place. …..  ; there is no need to drag in the equivalence classes. The proof that the 
real numbers can be well ordered  is an instance of a proof of the sweeping use of the 
principle of omniscience is combined with an appeal to the axiom of choice. Such proofs 
offer little hope of constructivization.” 

 
I have quoted Bishop extensively because it was his enunciation of the principle omniscience 

and the axiom of choice, much more than Brouwer’s intuitionistic constructivization, that 

convinced me of the algorithmic, numerical, structure of PCMC – all those decades ago; 

more recently persuaded me that programming in Martin-Löf’s (intuitionistic) type theory 

(Bauer, 2017) just reinforced an earlier conviction.  

 

Bishop, between the two quoted paragraphs, reinforces all the other points I have enumerated 

in the above list. However, I must confess that, till very recently, I was wont to use the 

excellent reasons given in Brouwer, 1952, in being skeptical of the role of Sperner’s Lemma 

in the proof of the Bolzano-Weierstrass theorem. I was also an early convert to Russian 

Constructivism, and as such the validity of the Specker sequences and the invalidity of the 
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Heine-Borel theorem (compactness) was something I noted PCMC observed, although 

implicitly (Aberth, 1980, § 13. 2). 

 

PCMC is a system11 of propositions, based on definitions and assumptions on the economic 

system, and constructively proved to exist by rules of inference and computation rules (and 

‘classic’ considerations of ‘thought experiments’ of the Galileo or Einstein-Bohr kinds). The 

Sraffa oeuvre is noted for its concentration on the deterministic laws of economic 

propositions, and impeccable constructive proofs. Laws – for example, laws of returns 

(Sraffa, 1926) - are ‘contingent’ and are similar, in engineering mathematics, to Newton’s 

(mechanics), Carnot’s (thermodynamics) or Maxwell’s (electromagnetic) laws; or, if pure or 

applicable mathematics, the similarity is to Post’s alternative to Church’s conception of a 

thesis (Post, 1936, p. 105). 

 

As examples of these notions, primarily in (the paragraphs and pages of) PCMC, the 

following are almost paradigmatic: 

• Definition: viable economic system (footnote 1, on p. 5); 
• Assumption: ‘wage is paid post factum as a share of the annual product’ (§9, p. 10); 
• Proposition: Construction of The Standard Commodity, as a ‘balanced ratio’ of deficit 

and surplus industries (§21, & chapter IV); 
• Constructive existence proofs12: the tractor example of §81 (p. 68); 
• Rules of inference: Elimination of non-basics in joint production systems (§61);  
• Computation rules: On constructing ‘sub-systems’ (Appendix A); 
• Thought experiment: as an ‘imaginary experiment’, §37, p. 26; 

 

Sraffa, in PCMC, never uses axioms, the axiomatic system, set membership relations or even 

sets. I was tempted to interpret, at least the proofs, the mathematical framework of PCMC in 

terms of category theory, especially because the set membership relation, Î (or e) is 

superfluous in it (see Lawverre, 1964, p. 1506), but I opted for Martin-Löf type theory 

 
11 The notion of system in PCMC is clarified in Sraffa’s interchange with Newman, reprinted in 
Bharadwaj (1970). 
12 The example of a mathematical economist of classical persuasions talking at cross purposes with a 
constructivist mathematical economists is illustrated in the above discussion between Newman and 
Sraffa; when the latter asks the former to prove (p. 426, in Bharadwaj, op.cit.), it is in the sense of 
constructive existence proofs that is meant (I think). Consequently, I don’t think Newman understood 
Sraffa’s admonishment at all. 
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(intuitionistic type theory13) due to the fact that one does not need to appeal to axioms in the 

theory. Martin-Löf (1998, p. 128; italics added) explicitly states: 
“I shall use the notation 

a Î A 

to express that 

a is an object of type A.” 

And (ibid; second & third italics, added): 
“A proposition is defined by prescribing how we are allowed to prove it.” 

 

Therefore, programming PCMC in Martin-Löf’s intuitionistic type theory, makes it eminently 

constructive, mathematically14 (as I have maintained at least since 1979, in the publicly 

available literature). 

 

There is, therefore, a serious difference between intuitionistic, constructive, type theory of the 

Martin-Löf variety, with which PCMC can be analysed, and Sraffa’s nihilism towards any 

kind of set theory (axioms, axiomatic systems, theorems and proofs). Just as an example:  

X :- {n Î N ê" x, y, z, xn + yn ¹ zn } 

depicts a set, but not an intuitionistic type.  

 

I conclude this section with some observations, along an intuitionistc constructive 

mathematical vision, very broadly conceived, given the indebtedness explicitly expressed in 

PCMC to the three mathematicians, Besicovitch, Ramsey and Watson, and the ‘famous’ 

acknowledgement to Sraffa expressed by Wittgenstein (1967, p.x/xe).  

 

 
13It is Brouwer’s intuitionism and Russell’s type theory, along with Bishop’s constructive mathematics 
that was the motivation for Martin-Löf’s inspiration. Ramsey’s revised type theory, developing the 
truth-table scheme of the early Wittgenstein, was decisive in the second edition of the Principia 
Mathematica by Whitehead and Russell. Russell’s original motivation for introducing types in his 
logicism had been due to the logical paradox of too many or too large sets in Frege’s naïve conception 
of sets and the discovery of the Burali-Forti paradox (see Russell, 1937; van Heijenoort (edited), 
2000, especially pp. 124-128). Brouwer’s introduction of intuitionism, in opposition to Hilbert’s 
formalism, was (partly, at least) due to what I think is Hilbert’s equally naïve introduction of 
formalism, on the basis of his axiomatization of geometry. Sraffa did not subscribe to axiomatic 
formalism or any kind of logicism, in PCMC. Most – if not all – of the formalisers of mathematical 
economics, are followers of Hilbert. 
14 However, Nordström et. al., (1990, chapter 2)), which I use for programming PCMC in Martin-
Löf’s intuitionistic type theory interpret the rule about proofs of propositions as one of many 
possibilities. 
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The considerable danger of trivial ‘repetition’, let me quote PCMC on Sraffa’s explicit 

acknowledgement to three mathematicians, and mathematics (pp. vi-vii; italics added): 
“My greatest debt is to Professor A. S. Besicovitch for invaluable mathematical help over 
many years. I am also indebted for similar help at different periods to the late Mr Frank 
Ramsey and to Mr Alister Watson. It will be only too obvious that I have not always followed 
the expert advice that was given to me – particularly with regard to the notation adopted15, 
which I have insisted on retaining (although given to objections in some respects) as being 
easy to follow for the non-mathematical reader.” 

 

I’ll discuss the three mathematicians in the reverse order in which they appear in PCMC. At 

the very outset, I would like to point out that the interpretation of the role of these 

mathematicians16, and mathematics, is on the basis of my intuitionistic constructive vision of 

the underlying structure of PCMC. 

 

First of all, Watson’s influential – at least in the Cambridge of the late 1930s and early1940s 

– 1938 Mind contribution was written as a contribution to an elucidation of Hilbert’s 

Entscheidungsproblem, from the point of view of Turing’s solution to it, with a 

Wittgensteinian intuitionistic foundations of mathematics vision (especially, p. 445). It is a 

vision to which Watson remained faithful all through his life, in particular during the time he 

helped Sraffa with his solutions to economically formalized problems17. Secondly, although 

intuitionistic constructive mathematics is not explicitly discussed by Watson, in the way 

Russell’s theory of types and the axioms in the Principia Mathematica are handled 

critically, makes it impossible to imagine that Sraffa was not aware of the content of the 

 
15 If Sraffa, in PCMC, had ‘adopted’ matrix notation, the obvious claim by all adherents of classical 
mathematics, in economics (irrespective, again, of ideology), would have been to question why the 
Perron-Frobenius theorem had not been invoked – as if such a claim was not made by all and sundry, 
anyway! Note, also, that Leontief (1941) wrote out the equations – in ‘long-hand’! - of inter-industry 
analysis without any appeal to matrix algebra. 
16 For these purposes, I add Wittgenstein and Turing to this list of three mathematicians, who were 
decisive in influencing the intuitionistic constructive mathematics of PCMC. 
17 Although I have the utmost respect for the Wittgenstein publications of McGuiness, I class the 
following observation about Alister Watson (McGuiness, 2008, p.8) in the same dubious class as the 
one about Sraffa (2002, p. x; italics added): 

“Later Alister Watson, perhaps the only one of the charmed circle of young Apostles to remain with 
him, contributed in somewhat the same way presentations of Wittgensteinian ideas on the foundations 
(or lack of foundations) of mathematics.” 
 
“Sraffa, whom Wittgenstein regarded as his severest critic, spent much of his time during the years of 
his closest association with the philosopher on the writing and rewriting of a devastating review of a 
paper by Hayek (who survived cheerfully enough).” 

 
First of all, it was a review of a book by Hayek; secondly, till at least 1974, Hayek did not ‘survive 
cheerfully’ – in fact he was a bitter man!  
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paper. Thirdly, it is hardly conceivable that Watson, and Sraffa, were unaware of 

Wittgenstein’s awareness of Brouwer’s intuitionistic constructive stance; after all, Brouwer’s 

two Vienna lectures on Intuitionism were instrumental in Wittgenstein’s ‘return’ to formal 

philosophy. 

 

Frank Ramsey, whose life was tragically cut short just before the age 27, in January, 1930, in 

the opinion of his friend (and editor), Braithwaite (1931) ‘was converted to a finitist18 view’ 

of the philosophy of the foundations of mathematics. This is convincingly argued by Majer 

(1989), partly based in Ramsey’s essays 53 & 54, in Galavotti (1991)19. Ramsey, too, like his 

equally illustrious King’s College successor, Alan Turing, worked on Hilbert’s 

Entscheidungsproblem (Ramsey, 1928), in the years he worked with Sraffa (who was, at this 

time, a member of King’s College). Of course, the role of Ramsey in persuading Wittgenstein 

to return to academic philosophy, is only too well known. Ramsey may have helped Sraffa 

with finding explicit, constructive, solutions to economically formulated problems, but I 

content that they would have been intuitively algorithmic (in the Turing sense), in an 

intuitionistic way. I think Watson remains correct in attributing to Ramsey the extensional 

logical view, whereas I hold that Sraffa was always an adherent of intensional logic. But to 

be a ‘convert to intuitionism’ meant it was only a question of time before Ramsey was also 

converted to intensional logic.  

 

That brings me to Besicovitch20. I shall concentrate on one of his many influential writings, 

which spans his interest in the kind of constructive mathematics that is of relevance here. 

More than a hundred years ago, in 1917, the Japanese mathematician, Soichi Kakeya posed 

the following problem (Besicovitch, 196321, p. 697; italics in the original): 

 
18 See also Russell (1931, p. 477). Till Heyting and Kolmogorov in the early 1930s, eminent English 
mathematicians referred to intuitionists as finitists – as, for example, in Hardy (1929), p. 5: ‘the 
finitists or intuitionists’. 
19 There is a curious error in Galavotti (op.cit.), where the references to Majer in footnote 37, on p. 22 
and footnote 1, on p. 197, are to two different journals! It is, obviously, a trivial error. 
20 Gibson (2010), p.75, observes: 

“Note that one of the Examiners was A. S. Besicovitch – Fellow of Trinity, advisor to Sraffa – 
Wittgenstein sparring partner; ….   .” 

‘Sparring partner’ – of philosophy, mathematics, philosophy of mathematics, or? 
21 The Mathematical Association of America, using a grant obtained from the National Science 
Foundation, established a Committee on Production of Films; the fourth of the films produced by this 
Committee, was the Besicovitch lecture on the geometric construction involved in his 1920s initial 
solution of the Kakeya problem (see Besicovitch, op.cit., p. 697). 
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“In the class of figures in which a segment of length 1 can be turned around through 360°, 
remaining always within the figure, which one has the smallest area? “ 

 

In 1920, Besicovitch (ibid.; italics added), ‘considered the [twin] problem’: 
“Given a function of two variables, Riemann-integrable on a plane domain, does there always 
exist a pair of mutually perpendicular directions such that the repeated simple integration 
along the two directions exists and gives the value of the integral over the domain? “ 

 

Four remarks are warranted, here: 

• First of all, they are both problems of computational geometry and the figures can be 
drawn on the plane with a straight edge and compass; 

• The indicated integrations are both computable and constructive processes; 
• Continuity requirements entail, in the case of the Besicovitch solution, ‘Pál joins’22, 

very similar to the one-sided oscillator of nonlinear two-dimensional business cycle 
theory; 

• The computed areas, or the calculated integrals, are approximate23 – although they 
can be exactly approximated; 

  
Now, the computation and inference rules of PCMC result in exact real values that are also 

continuous24. So, even though Besicovitch’s notation is not for approximation of areas, to 

solve the Kakeya problem, the notation is simply for convenience! For example, the general 

quintic cannot be solved exactly by radicals25. Besicovitch’s computational geometry resulted 

in exact geometric figures, which were approximate answers to (various forms of) the 

Kakeya problem. For example, again, in Besicovitch (1963, p. 705 & p. 698) he ended by 

wondering whether the Kakeya problem can be solved for simply connected regions, having 

quoted George Birkhoff bracketing Gurthrie’s four colour theorem with the Kakeya set. All 

papers, expository and technical, are replete with the preoccupation with geometric 

constructions. It is only a ‘mild’ step towards analytic constructive mathematics and 

computable constructions, of an approximate nature, based on exact real geometry of the 

Besicovitch kind, which was eminently consistent with the methods of deriving propositions, 

and proving them, in PCMC. 

 

 
22 See Pál (1921). I may mention that Pál developed Matsusaburo Fujiwara’s formulation of Soichi 
Kakeya’s problem. 
23 Besicovitch (op. cit., p. 697) gives the area of the circle answering the Kakeya question as exactly 
equal to .78 (= pr2), whereas it can only be exactly approximated. Similarly, the area of the equilateral 
triangle, with side length 4/Ö3 is » .58, not – as Besicovitch writes – exactly so. 
24 I was greatly helped, in this interpretation of PCMC, by a reading of Geuvers, et. al., (2007). 
25 Niels Henrik Abel’s famous late 1870s result, which I conjecture one or the other of the many 
mathematicians around Sraffa, would have appraised him, or – versatile as he was – he may have 
independent knowledge of this significant exact unsolvability.   
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I can now, tentatively, draw the threads together. The Cambridge mathematicians, 

Besicovitch, Ramsey and Watson, together with Wittgenstein, were all close to Sraffa and he, 

in turn, utilized their expertise in solving the exact arithmetic problems that PCMC gave rise 

to. Turing was at King’s College and Russell had been at Trinity College, both Cambridge 

Colleges with which Sraffa had deep associations26. Wittgenstein was Besicovitch’s ‘sparring 

partner’, was also a foil for Turing, introduced by Watson, and Ramsey re-did the set theory 

and axioms of Principia Mathematica on the basis of truth table technique of the Tractatus, 

and a development of simple – i.e., non-intuitionistic or non-finitist – type theory. 

 

The publicly available literature, the only ones that I am familiar with, records that Sraffa was 

well acquainted with Besicovitch, Ramsey, Watson and Wittgenstein27; I conjecture that it is 

eminently reasonable – also because Sraffa was very well acquainted with Maynard Keynes – 

that Sraffa was familiar with Russell and Turing. When combined with Russell’s letter to 

Herbert Simon of 2nd November, 1956 (Simon, 1996, p. 208): 
“I am quite willing to believe that everything in deductive logic can be done by a machine.” 

it is quite natural for me to formulate the following conjecture (an ‘early’ formulation of it 

was given in the first section): 

Conjecture I 

Every proposition and proof in PCMC is constructive. 

Conjecture II 

Every proposition, and therefore proof, in PCMC is programmable for machine 
implementation, using intuitionistic type theory. 
 
Remark 1 

The definitions in PCMC can be considered axioms in the classical sense; they delineate 
properties of the system being studied. 
 
 

 
26 In late 1979, when Sraffa walked with me in the ‘backs’, he stopped near King’s College, and said: 

‘You know, I used to be a member of this College; but after the ‘Book” [he was referring to Keynes’ 
General Theory], it was impossible to live with Kahn! Robertson took me as a Fellow to Trinity.’ 

27 If not for the difficulties of a personal relationship with Wittgenstein, I am sure Sraffa would have 
added the eminent philosopher’s name to the three mathematicians he listed as being indebted to, for 
the results in PCMC. See the Wittgenstein’s mid-to-late 1940s letters to Sraffa republished in 
McGuiness (2008), in particular the sentence overheard by Smythies, of Sraffa saying to Wittgenstein  
(op.cit., p.339): 

“I won’t be bullied by you, Wittgenstein.” 
Incidentally, Sraffa and Wittgenstein were admitted to Trinity fellowships, on the same day, in 1938 
(McGuiness, ibid, p. 288). 
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Remark 2 

Thus, PCMC can be considered an axiomatic analysis of an algorithmic theory of production 
– but not studied from any topological standpoint. 
 
Remark 3 

I refrain from doing so, because it is against the spirit and method of PCMC. This is partly, 
because I have not, as yet, formulated informal rigour from an intuitive point of view. 
 
However, I am prepared to state as; 
 
Conjecture III 
 
All rigour (i.e., preciseness) is informal, defined on the basis of intuitive mathematics.28 
 
 
Remark 4 

Conjectures I and II can be proved, in the constructive sense; but it requires that one can 
enumerate all the propositions in PCMC29. I am not sure, after about 45 years of ‘struggling’ 
with the understanding of a terse, aphoristic, PCMC, I have succeeded in identifying all of 
the propositions in the book. For the more ‘standard’ propositions, existence of the standard 
commodity, the ‘tractor’ example for fixed capital, the reduction to dated quantities of labour 
using the device of the ‘subsystem’, etc., it is easily (sic!) done (using Martin-Löf’s 
identification, in intuitionistic type theory, between propositions and proofs). 
 
Remark 5  
 
The algorithms that program the proof of the propositions of PCMC (cf. Conjecture II) are 
the finite initial segments of (a possible) infinite lawless computation. This makes the 
algorithms lawlike sequences of Brouwer’s choice sequences, and therefore, intrinsically, part 
of intuitionistic constructive mathematics. This is, of course, because algorithms are finite 
objects, since the programs that define them are of finite length. However, I do not think the 
intuitionistic type theory of Martin-Löf includes the Browuerian ideas of lawless choice 
sequences, species, spreads and the like, of the constructive intuitive continuum30.  
 
The two first conjectures are the reasons for my claim that PCMC is an algorithmic theory of 

production.	Why I have supplemented my initial idea of PCMC being constructive, even 

intuitionistically constructive, with type theory has a great deal to do with Bishop (1967), the 

review of the Bishop-Bridges (1985a) by Mines (1988) and, of course Martin-Löf (1998). 

First of all, there was Bishop’s observation (op.cit., p. 360; italics added): 
“Various mathematicians have devised methods for classifying (classical) real numbers 
according to their logical complexity – we mention Russell’s theory of types … and the work 

 
28 Remark 3 and Conjecture III are inspired by Kreisel (1967). 
29 The number of propositions, and hence proofs, in PCMC, are finite; this proposition is easy to 
prove constructively. 
30 See the first footnote in Bickford, et. al., (2018). 
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of various modern logicians. Echoes of such type-theoretic classifications appear in 
constructive analysis.” 

 
Then, Mines noted (op.cit., pp. 162-3; italics added): 

“Many people have expressed the view that there should be close ties between the theory of 
algorithms and constructive mathematics. Perhaps because algorithms are innately 
constructive. …. Times have changed. … [T]here are now pure existence proofs for computer 
programs that solve real problems and no hope of ever programming them.” 

Martin-Löf’s intuitionistic type theory resurrected hope of being able to write programs for 

‘real-life’ computers for every proposition and proof in PCMC. 

§ 3. Tentative Concluding Notes on the Prelude that is PCMC 
 

“It is no wonder that [PCMC] took a long time to write. It will not be read quickly. Addicts of 
pure economic logic who find their craving ill satisfied by the wishy-washy products peddled 
in contemporary journals have here a double-distilled elixir that they can enjoy, drop by drop, 
for many a day. 
For some, indeed, the logic may be too pure. … 
… 
Presumably, it will be a little time before the critique to which this is the prelude will be 
published.”  
Robinson, 1961, pp.53, 58; italics added. 
 
“[T]he logic which is developed [in Bourbaki] is, right from the start, completely classical. 
(Indeed, in the historical note – printed in a later volume – it is asserted that Intuitionism will 
subsist only as an historical curiosity).  …. It is possible then that this book may itself soon 
have only historical interest.” 
Gandy, 1959, p. 72; italics added. 

I am not convinced that there is something identifiable called ‘pure economic logic’; nor do I 

think any Bourbaki volume was even updated as to what was the then ‘classical logic’. 

Moreover, I am of the belief, entirely substantiable, that any work by Bourbaki would even 

have historical interest. Only Russell (of all those mentioned in the previous section), and 

that, too, the very early one, believed in an immutable logic to which any given mathematics 

can be ‘reduced’.  

None of the constructivists, whether they were adherents of intuitionism, any kind of type 

theory or even Hilbertian formalists, believed in a logic to which mathematics could be 

reduced. Of course, this was true of Brouwer, Heyting, Bishop and Martin-Löf; Kolmogorov 

used logic instrumentally.  

I don’t think Sraffa, certainly not in PCMC, believed in any immutable logic – particularly 

that to which a mathematics could be reduced. Ramsey, of the three for whom Sraffa was 
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indebted for mathematical help, was alone in believing in a given logic, but he, too, ‘was 

converted to a finitist view’ – remembering, always, that it meant intuitionistic view. I will be 

wrong, but I am tempted to say, that there was much in common between Ramsey and 

Kolmogorov. 

Brouwer, on the other hand, was convinced that mathematics was an autonomous discipline 

and he did not subscribe to any axioms or axiomatic formulations. His own proofs were 

based on inference and computation rules derived from the practice of mathematical 

intuitionism. He developed choice sequences and a system of counter-examples, the latter 

depending on his deep and penetrating knowledge of mathematics, as a whole. He also 

construed the idea of the creative mathematician. 

In all of these Brouwerian aspects, Sraffa was also a past master; I interpreted the method of 

PCMC, particularly the proofs of propositions, in a Brouwerian mode. But I now think that 

Sraffa was more than a follower, a defender or a practitioner of Brouwerian mathematics. 

This was why I felt able to suggest, in the form of provable conjectures, the two propositions 

of the previous section, that PCMC is an algorithmic theory of production. The discipline was 

in the use of inference and computation rules in proving the stated propositions.  

Computation is, I am convinced, anything subject to the discipline of the Turing-Post theory 

of computability. It will take me too far off the subject matter of this particular approach to 

the mathematics of PCMC, but I can do no better than refer the interested reader to Soare 

(2016) and Dowek (2015). 

It is in extracting Sraffa’s use of inference rules, in proofs of propositions, that I find some 

innovative possibilities. By constraining these inference rules to an algorithmic theory of 

production, I hope I can find the necessary ‘trade-off’ between the discipline provided by 

computability theory, for computation rules, and those that can be extracted by Sraffa’s 

proofs in PCMC. 

There is one other crucial issue that is relevant, at least from a constructive, computable and 

dynamic point of view. This is that coding, algorithms and shift operators unify the dynamics 

of constructive computability of PCMC. However, even discussing these issues will require 

much more pages that I can afford to devote to the subject – and, moreover, I think it is better 

left for a much younger person to develop it! 
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It is in this way that I interpret the prelude to a critique of economic theory that is PCMC. I 

am convinced that with PCMC, interpreted as an algorithmic theory of production, 

economics enters a new age.  
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