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“Chess is the intellectual game par excellence. Without a chance device to obscure the contest, 
it pits two intellects against one another in a situation so complex that neither can hope to 
understand it completely, but sufficiently amenable to analysis that each can hope to outthink 
his opponent.� 
Newell, Shaw & Simon, 1958a, p. 320; italics added. 

 

                                                
ª The notion of PROOF, even if only mathematically conceived, is many-faceted. My fascination 
with this concept was consolidated in Ian Hacking’s lectures in the Philosophy Faculty at Cambridge 
University, during the Michaelmas Term of 1973 – having been formed in high-school teaching by 
Mr. Arasaratnam and kind undergraduate instruction at Kyoto University by Professor Kawai, both in 
physics and mathematics. Dr. Hacking gave me a reprint of his Dawes Hicks Lecture of 1973, which 
referred to Hardy’s Rouse Ball Lecture of 1928 (Hacking, 1973, p. 7), which has been a guiding light 
in my struggles to come to terms with Simon’s rich and varied notions of proof. 
§ This is, in particular, a reference to Newell & Simon, 1972, the magnum opus which codified 
Information Processing Systems (IPS) as boundedly rational agents, via heuristic search over 
(numerically) vast spaces of alternatives, seeking satisficing solutions, to problems.  However, it is 
also meant to emphasise the way Simon systematised Human, as against Machine, Problem Solving. 
Simon’s notion of information was algorithmic; it had nothing to do with the notions of information 
in Marschak, Muth, Phelps, Lucas and others, with ad hoc probability foundations to buttress their 
classical mathematical formulations.  
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ABSTRACT 

 

This paper suggests that Herbert Simon’s concept of proof and predictions, 

in the solution of problems by human’s, considered as Information 

Processing Agents subject to boundedly rational behaviour and satisficing 

objectives, is to be interpreted in terms of constructive mathematics.  
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§1. Preliminaries 
“Science is what we understand well enough to explain to a computer. Art is everything else 
we do.” 
Knuth, 1996, p. xi 
 

Knuth’s provocative1 definition of science is the obverse of Richard Stone’s related 

observation, made almost 35 years earlier (Stone & Brown, 1962, p. viii; italics added): 
“We use computers because they are the best means that exist for answering the questions we 
ask. It is our responsibility to formulate the questions and get together the data which the 
computer needs to answer them.”  

Simon was doing science, utilizing the computer2, more-or-less exactly in the senses 

emphasized by Knuth and Stone.  Only someone, as jaundiced in vision, as Bourbaki (2004, 

p. 11; italics added) would state:  

“If formalized mathematics were as simple as the game of chess, then once our chosen 
formalized language had been described there would remain only the task of writing out our 
proofs in this language, [...] But the matter is far from being as simple as that, and no great 
experience is necessary to perceive that such a project is absolutely unrealizable: …”. 

Chess is not a simple game, it is a special case of Arithmetical Games (Jones, 1971) which 

are determined3 - and Simon certainly did not think the game of chess is simple4. 

It is my ‘thesis’ that Simon developed – not originated – his notions of bounded rationality 

and satisficing behaviour on the basis of his study of De Groot (1946; Simon, 1996, p. 221 

– later, he worked with the 1st edition of its English translation; see also De Groot, 1978) 

and an understanding of the actual playing experiences of Chess Masters.  

                                                
1 Not in the least ‘provocative’, as far as I am concerned. 
2 Simon’s early joint work, together with Allen Newell & Cliff Shaw, on the construction of the Logic 
Theorist to ‘discover’ the Propositional Logic theorems in the first part of the 1st volume of the 2nd 
edition of Principia Mathematica (see below, pp. 3/4, f.n. 8 & §4), was almost simultaneous with 
Martin Davis’s mechanized decision models on Presburger arithmetic. Both of them were years ahead 
of the fundamental studies of Dag Prawitz on mechanizing formal, logical, deduction. 
3 In that, either White or Black has a winning strategy, but an algorithm – in computability theoretic 
senses - for implementing this is not derivable – unless some variant of constructive mathematics is 
used, as in Euwe (1929). 
4 For Simon, who spent almost the last 50 years of his life in trying to understand chess (and lived 
through Deep Blue’s victory over Gary Kasparov): 

“The metaphor of chess, cryptarithmetic and the Tower of Hanoi serving as the green peas, 
Drosophila and E. coli of cognitive science is as near to literal truth as it is to fancy.”�
Simon, 1989, p. 394; italics added. 
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Moves in a ‘completed’ Chess (or GO) game can be considered steps in a PROOF of a 

Theorem about the outcome of a play5. The game, in the case of Herbert Simon, is played 

by boundedly rational (BR), Information Processing Systems (IPS). Such BR-IPS’s 

implement Heuristic6 Search Strategies in vast – but finite - spaces of alternative plays, to 

find a satisficing PROOF of a Theorem about the outcome of a game. Formulating a 

Theorem, and finding a satisficing PROOF of it, is the Discovery of a Solution to a 

PROBLEM, faced by BR-IPS’s that are Human. It is in this sense that Herbert Simon’s 

BR-IPS’s are Human PROBLEM Solvers (HPS).  

 

In Newell & Simon (1958, pp. 7-8; italics added), there are four PREDICTIONS, 

admittedly in an optimistic sense, that the authors believe would be ‘realized within the 

next ten years”, but based upon a three-point ‘assessment of the present [i.e., 1957] and 

future state of the art and theory7 of heuristic problem solving’. Only the first two of the 

four are relevant for this paper: 

“1. That within ten years a digital computer will be the world's chess champion, unless 
the rules bar it from competition.  
2. That within ten years a digital computer will discover and prove an important new 
mathematical theorem.”  

 
These are, qualitatively, not very different from the kind of predictions made by Turing 

(1950, pp. 140-142). However, with special references to thinking, intelligence and the 

playing of Chess, by (digital) machines, and the nature of heuristic search, the discovery 

                                                
5 This entails a constructive – whether of Brouwerian, Bishop’s, Martin-Löf’s or any of the ‘modern’ 
variants of these – interpretation of proof, which is why I consider Simon a ‘closet constructivist’! 
The Halting Problem for Turing Machines, or the (recursive) Undecidability of Gödel’s 2nd 
Incompleteness Theorem, comes into ‘play’, when the game reaches a ‘Dead Position’ (Turing, 1953, 
p. 166; De Groot, p. 24, f.n., 19) 
6 Pro tempore, remembering that Simon had a more nuanced interpretation of the process, I 
shall ‘work’ with Polya’s elegant and apposite definition of heuristic: 

‘I wish to call heuristics … the study of means and methods of problem solving’ 
Polya, 1981, p. x; italics in the original. 

As Simon (1996, p. 202; italics in the original) wrote: ‘.. in evaluating chess moves .. [We – 
i.e., Newell & Simon] … discussed the necessity for “rules of thumb” (later called heuristics) 
to reduce to manageable size the enormous search space … of possible chess moves and 
replies.’ King (2016, p. 134; italics added) is only one example of those who are un-nuanced 
about such things: ‘[R]ules of thumb – [are] technically known as heuristics - … . A heuristic 
is a decision rule that deliberately ignores information.’ Simon must be ‘turning in his 
grave’!  
7 ‘Art’ & ‘theory’ [=SCIENCE] in Knuth’s senses (above), as I – not Simon - interpret them. 
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of proofs, and computing by Simon’s Logic Theory Machine proving the propositions in 

Principia Mathematica (Whitehead & Russell, 19278, especially pp.90-126 of vol. 1). 

 

Turing (1947, esp., pp. 103-5; 1948, esp., pp. 126-7 & 1953, esp. pp. 163-179) are also 

relevant as presaging and confirming Simon’s stance on chess, Principia Mathematica 

and the differences – emphasized by Simon in his ‘dispute’ with Hao Wang (Simon, 1996, 

pp.209-10) – between Machine vs. Human Problem Solving.  

 

The interrelated themes of (mathematical) proof, (human solving of) problems and 

predictions (of human-like intelligent machines learning to play games – like Chess & GO), 

form a triptych in the canvas Simon tried to weave together into a tapestry for the 

behavioural sciences.  

 

This paper is organized as follows. In the next section I take up the issue of Proof in aspects 

of Simon’s oeuvre. In section 3, Predictions of machine behaviour, when programmed to 

exhibit human-like learning behaviour in problem solving situations, is discussed. The final 

section, titled Conjectures & Conclusions ties the threads together in ways that might lead 

to the foundations for a new tapestry. 

 

This ‘new tapestry’ must never forget, in its formulations, the structure given by the 

precept: 

“The metaphor of chess, cryptarithmetic and the Tower of Hanoi serving as the green 
peas, Drosophila and E. coli of cognitive science is as near to literal truth as it is to 
fancy.” 
Simon, 1989, p. 394; italics added. 

 

                                                
8 MacKenzie (2001, p. 307) is ambiguous, at best, in attributing the work on the Logic Theory 
Machine to be based on the 1st edition of Principia Mathematica. Moreover, I am less than 
enthusiastic about the Topological exposition of the work that led to the Appel & Haken (partly) 
machine-based proof of the 4-Colour Theorem when, in fact, it is better studied as a graph-theoretic 
problem (cf., in particular, Frisch & Fritsch, 1998, p. 105). Incidentally, I am even less convinced that 
MacKenzie should quote Weyl (p. 259 & note 5, p. 398) and Gödel (p. 90 & note 115, p. 360) in 
German when easily accessible English translations of the classic works by both these distinguished 
authors are available! Neither Weyl, nor van Heijenoort, are indexed in MacKenzie (ibid)! Although 
Turing (1948, p. 126), refers to ‘Russell’s Principia Mathematica’, the authors were Whitehead & 
Russell – and that, contrary to the normal practice of alphabetical ordering of the names of authors, is 
how it appears in the cover page of the book! 
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§2. Proof9  
‘Proceed, as if you were proving a theorem!’ 
Simon (in Sieg, 2001; italics added). 
 

Proof, especially mathematical proof, is a supremely ambiguous concept. In (many) European 

languages – and no doubt other languages10, as well – for example, ‘Swedish bevis, German 

Beweis, French démonstration, Dutch bewijs, and so on, all derive from the same stem as the 

English demonstration’ (Sundholm, 1993, p. 48). I am partial to a constructivist orientation in 

mathematics, as is Sundholm (ibid, p. 47), and it may be useful to remember that in this paper 

the ‘common sense’ (Bishop, 1985, p. 5) idea of proof as demonstration is dominant. 

 

My thesis is the following: Simon meant his proofs to be constructive in the sense of Bishop 

(1985) – i.e., they were the activities of finite human beings. He could have interpreted 

mathematical proofs, and proving theorems – which was, for Simon, equivalent to Human 

Problem Solving - as Hardy (1929, p. 18; italics added) did in his Rouse Ball Lecture: 

If we were to push it to its extreme we should be led to a rather paradoxical conclusion; 
that there is, strictly, no such thing as mathematical proof; that we can, in the last 
analysis, do nothing but point; that proofs are what Littlewood and I call gas, rhetorical 
flourishes designed to affect psychology, pictures on the board in the lecture, devices to 
stimulate the imagination of pupils. This is plainly not the whole truth, but there is a 
good deal in it.  

 
But he did not do so, because proving a theorem was equivalent to the (human) solution of a 

problem – and this latter was not ‘gas’ or ‘rhetorical flourishes to affect psychology’.  

 

Formulating a well-formed theorem was, again for Simon, the same as stating a well-posed 

problem; searching over (finitely) vast spaces of alternative sequences resulting in a proof was 

the same as using heuristics to find a solution (to a problem), in an equally vast space (of say, 

moves in a game of chess or GO).  

 

                                                
9 In addition to Hacking, op.cit (cf, the lead f.n., in this paper), over the past half-a-century, or so, I 
have been influenced by the writings of Brouwer, Bishop and Martin-Löf, in general, and Berg, et. al., 
(1975), and Hales (2007, 2013), in coming to terms with the concept of proof (as demonstration), 
especially as regards Herbert Simon’s approaches to it. 
10 In my own Mother tongue, Tamil, the word for the concept of proof, both in mathematics and law, 
is atharam (ஆதார%). In the Japanese and Italian languages, in both of which I am reasonably 
fluent, the words for mathematical proof is close to demonstration (being shomei - �� – and 
dimostrazione, respectively). 
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Simon, consciously did not try to reduce the computational complexity of searching over 

(quantitatively) vast spaces or manage the algorithmic or Kolmogorov complexities due to 

structural changes of a qualitative sort. By introducing heuristics, and using – iteratively – 

human-machine interactions, he was able to invoke (often implicitly) one or another form of 

the completeness results of standard logic to obviate the need to consider recursive 

undecidabilities of any order. 

 

(Almost) all this is discussed in chapters 4 and 11 in Newell & Simon (1972), and much of it 

is owed to the analytic and conceptual apparatus of Turing (1953)11 and de Groot (1946).  

 

That my thesis on Simon’s concept of proof is constructive is based on the four ‘principles of 

constructivism’ enunciated, and elaborated, in Bishop (op.cit., pp. 5-8); in particular, principle 

C (ibid, p. 5; italics added) – ‘A proof is any completely convincing argument’. And, as Bishop 

convincingly (sic!) argues, principle C entails acceptance of his principle B (ibid, p. 5, italics 

added) – ‘Do not ask whether a statement is true until you know what it means.12’ 

 

Principle A, in Bishop (ibid, p.5), is: ‘Mathematics is common sense’ – a vision he shares with 

Brouwer. It is equivalent to the statement that ‘formalisation’ of a classical mathematical sort 

entails unacceptable – from the point of view of common sense, meaning and convincing 

arguments – compromises with finiteness (of human beings) and every kind of non-

constructive logical principle (especially the tertium non datur). 

 

For example, it is incompatible with the finiteness of human possibilities for surveying infinite 

sequences, to formulate theorems. This is illustrated, in Bishop (ibid, pp. 5-6) with the 

mathematical proposition: 

‘Every bounded monotone sequence of real numbers converges13.’ 

                                                
11 The ‘dead position’ and the Newell-Simon Alpha-Beta procedure was directly from Turing (1953), 
but that, itself, was already in Alan Turing’s early work on the paper-machine ‘programmed’ to play 
chess, resulting in the Turochamp – named in honour of his joint author and friend, David 
Champernowne – with intuitive ‘pruning’ of alternatives. The proof of the ‘correctness’ of the 
(slightly modified) Alpha-Beta procedure of Newell, et. al., (1958a), with a statement of their 
pioneering contribution, is provided in the illuminating work of Knuth & Moore (1975, cf., especially 
p. 11). 
12 Not in the tiresome sense of the dichotomy in terms of syntax & semantics. 
13 This is not unlike the Bolzano-Weierstrass Theorem (which has no intuitionistic constructive 
equivalence) on the existence of convergent sub-sequences in bounded sequences, in finite-
dimensional (Euclidean) spaces. 
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Both constructivists and classical mathematicians accept this theorem – but for different 

intuitive reasons; the former for the surveyability of finite human beings and the latter for 

indiscriminate infinite possibilities. This crucial distinction has to do with the potential infinite 

and the completed infinite – and hence, has Brouwer and Turing14 on one side, Cantor and 

Hilbert on the other.  

 

Bishop’s four principles of constructivism – A, B, C & D (ibid, p. 5) – together, entail the 

irrelevance of formalizability, the crucial importance of a convincing argument15, the 

surveyability of finite processes, especially in proof activities. Tymoczko (1979)16, written after 

the celebrated man-machine interactive proof of the 4-Colour Theorem (4-CT) by Appel & 

Haken in 1976 (Appel & Haken, 1978), also frames his discussion in terms of these three 

concepts – but without the nuances of a Bishop and the implicit acceptance of the principles of 

constructivism by Simon. In short, Tymoczko – and many others (including MacKenzie, 2001– 

despite (inadequate and somewhat irrelevant) acknowledgements to Brouwer, cf., ibid, chapter 

8, p.257, ff.) – do not differentiate between proof techniques, and their philosophical 

underpinnings, belonging to a variety of traditions in mathematics.  

 

The computer-aided17 proof of the 4-CT was finalized with the finding of an unavoidable set 

of reducible configurations, but on the basis of a non-constructive proof of the Jordan Curve 

Theorem. I shall return to the Jordan Curve Theorem in the final section; but I would like to 

point out that the notion of heuristics used in implementing Heesch’s discharging procedure, 

in the implementation of the machine part of the proof – the human part was essentially non-

constructive, too – had ad-hoc probabilistic elements.  

 

In Lakatos (1979, p. 4; italics added), there is the following claim: 

                                                
14 In the sense that the tapes in a Turing Machine are indefinitely extensible, although at any one point 
in time it is of given, definite, length. It is not fanciful, by any means, to say that Brouwer’s creative 
mathematician is a Turing Machine (& vice versa). 
15 Kreisel’s ‘understandability’ of proofs (cf. Feferman, 1978, pp. 185-6) seems no different from the 
joint validity of principles B & C, above, together.  
16 Tymoczko (op.cit) relies on Thom’s (1971) restricted argument against Bourbakism as an ‘aide’ in 
his weak, if not also irrelevant, case for local vs. global stability; moreover, his citation of Thom 
(ibid) on p. 61, fn., 3, is in error. Incidentally, I feel that Tymoczko’s Simon says as ‘a new method of 
proof’ Martian story (ibid, p. 71, ff.), as referring to Herbert Simon and disapprove of it. 
17 ‘Aided’ in the sense of proof by man-machine interaction. 
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“[O]ne can discover the solution to problems which a suitably programmed Turing machine 
could solve in a finite time (such as: is a certain alleged proof a proof or not?). No mathematician 
is interested in following out the dreary mechanical ‘method’ prescribed by such decision 
procedures.” 

 
Even the ‘gods nod’ – and Lakatos is, unfortunately, incorrect about all this; in particular, at a 

theoretical level, he seems to be unaware of the crucial difference between recursively 

enumerable sets and recursive sets. 

 

Finally, in some of his earliest papers (Simon, 1977, Section 6), Simon’s proof schemes were 

solely based on Axioms and Inference rules; later, particularly after 1955, he supplemented 

these with Computation Rules, as well (Dowek, 2015, esp., ch.14) – in a pioneering way. 

However, I consider these axioms as Natural Laws, in the way Ramsey (1978 (1928), pp. 

130/1) and Post (1936, p. 105) analysed them. In fact, they are on a par with, for example, the 

second Law of (phenomenological) Thermodynamics. 

 

I conclude this section with the conjecture that the heuristic search procedure used by Newell, 

Shaw & Simon (1958b), in, for example, the implementation of the Logic Theorist to discover 

proofs in Principia Mathematica (see ibid, esp., p. 43, ff.) could have been used in the proof 

of the 4-CT, thus obviating ad-hoc probability-based heuristic searches in a vast, but finite, 

search space.  

 

§2. Predictions 
“Prediction is very difficult, especially about the future.” 
Niels Bohr18 

 
On November 14, 1957, Simon was only some months away from his 41st birthday; in October, 

1950, Alan Turing was almost as many months, and three years, away from his untimely and 

unfortunate death, at the same age. 

 

In the published version of his address to the Operations Research Society, in November, 1957, 

Newell & Simon (1958, p. 7; italics added), Simon predicted that: 
“[w]ithin ten years a digital computer will be the world's chess champion, unless the rules bar 
it from competition19.” 

 

                                                
18 Originally, by Karl Kristian Steincke, in the 4th volume of Farvel Og Tak, 1948. 
19 The digital computer, as a machine, was barred from ‘winning money in tournaments’ (Hsu, et. al., 
1990, p. 44). 
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In Turing (1950, p 442; italics added), there was the more qualified prediction: 

“I believe that in about fifty years' time [i.e., 2000] it will be possible, to programme computers, 
with a storage capacity of about 109, to make them play the imitation game20 so well that an 
average interrogator will not have more than 70 per cent chance of making the right 
identification after five minutes of questioning.”  

 
However, Simon, too, qualified his prediction (Newell & Simon, op. cit., p. 7; italics added): 

“On the basis of these developments [in ‘the art and theory of heuristic problem 
solving’], and the speed with which research in this field is progressing, I am willing to 
make the following predictions, to be realized within the next ten years  

 
The ‘developments’ on which the predictions were predicated upon were the following three 
(ibid, p.3; italics added): 
 

“1. Digital computers can perform certain heuristic problem-solving tasks for which no 
algorithms are available.  
2. In doing so, they use processes that are closely parallel to human problem-solving 
processes.  
3. Within limits, these machines learn to improve their performance on the basis of 
experience (not merely by memorizing specific patterns of successful behavior, but by 
reprogramming themselves in ways that parallel at least some human learning 
procedures).” 
  

Where Simon’s optimistic predictions contrasted with Turing’s more cautious ones were in the 

former’s caveat, ‘within limits’. 

 

I shall not rehash the stories of machines successfully defeating Grand Masters in Chess and 

GO, from the 1990s to now (cf., Kasparov, 2010, Hassabis, 2017 & Silver, et. al., 2017), but 

suffice it to say that their successes – laudable as they are, at least from my point of view21 – 

have very little or, indeed, nothing to do with ‘reprogramming themselves in ways that parallel 

at least some human learning procedure’ – although Deep Blue & Alpha Go did this to a partial 

degree; Alpha Go Zero dispensed entirely with the Simon criterion and, indeed, made irrelevant 

the caveat of ‘within limits’. It was a development towards human learning mimicking 

autonomous machine learning which, in turn, was increasingly using procedures of self-

                                                
20 The imitation game refers, of course, to what has become ‘notorious’ as the ‘Turing Test’ for 
intelligent machines, playing a game with a ‘naturally’ intelligent human being, with an ‘interrogator’ 
(who could be a machine or a human). In this connection, it may well be apposite to quote from the 
Introduction to Turing (1992, p. XIV; italics in the original) by the Editor (E. L. Ince): 

“Turing’s paper [Turing, 1950] is, almost certainly, the fundamental paper on artificial intelligence and 
provides a theoretical base point from which subsequent discussion about the nature of thinking and its 
relationship to computation has been based.” 

21 Especially because I endorse the essential message of Hales (2014) – mathematics in the age of the 
Turing Machine will, surely, lead to an appreciative evaluation of that part of the proof of Appel & 
Haken which owes its undoubted success to computations by a machine.  
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reinforcement learning from machines constructed from neural networks imitating brain 

functions.  

 

In this sense, then, Turing’s predictions were realised, even as to their timing; Simon’s were 

off the mark – both in the structure of machine which defeated Chess (& GO) Grand Masters, 

but violating the caveat of ‘within limits’, optimistic timing predictions were wildly at variance 

with the predicted hopes. 

 

However, to be consistent with the previous section, where I put forward the thesis that Simon 

meant (cf., Bishop, op. cit, p. 5, B) his proofs to be constructive, I require also that his 

predictions conform to the same strictures. Brouwer’s creative mathematician was Simon’s 

creative human being22, who proved and predicted in a way that made finitely performable 

computations (Bishop, ibid, p.13) possible. If, to ‘learning by machines’, we add the constraint 

that they mimic human constructive procedures and do so by means of finitely performable 

computations – and ‘expand’ the nature and scope of ‘within limits’ – then Simon follows 

Turing, as well as Brouwer, Bishop and Martin-Löf.  

 

The machines underpinning Deep Blue, Alpha Go and Alpha Go Zero are computable to 

different degrees, but none of them can – or do – compute anything beyond the power of a 

Turing Machine. Their predictions are based on finitely performable computations, encoded in 

discrete units, using non-classical mathematics (computable, constructive23 or interval 

analysis). These units, when activated locally – i.e., as sub-routines, for example – lead to local 

predictions; the global predictions are not the result of aggregating a collection of elements 

that result in local predictions. The same applies to the distinction between local and global 

stability. 

 

To put in more familiar terms, there is no fallacy of composition, here.  

 

This is the sense in which Simon’s predictions should be considered realised, even if the caveat, 

within limits, is ‘expanded’ to allow a creative human being to be constructive, and the 

                                                
22 See the remark in footnote 15, above. 
23 It must be remembered that every constructive function – especially in Brouwerian constructive 
mathematics – is continuous. This is added so that Simon (1954) can also be brought into the 
constructive fold. 
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machines – in particular Deep Blue, Alpha Go & Alpha Go Zero – which this particular IPA 

operates, performs finitely computable operations. 

 

§4. Conjectures and Conclusions 
“Mathematics will change. Instead of precise theorems, of which there are now millions, we 
will have, fifty years from now [i.e., 2016], general theories and vague guidelines, and the 
individual proofs will be worked out by graduate students or by computers.” 
Ulam, to Rota (italics added)24 

 
Dulac’s ‘proof’ of part of Hilbert’s 16th Problem (B) was entirely ‘chalk & blackboard’25 – and 

it was erroneous; the mistake in the ‘proof’ took over 60 years to discover. Gonzáles-Velasco 

(1980, p. 351) over half-a-century later was able to write: 
“At the present moment, I know of no one who has read the complete proof and can guarantee 
that it is correct.” 

 
This was the same fate that befell the (machine-based part) of the Appel-Haken proof of the 4-

CT; in fact, no one, not even the assigned referees felt able to read, in its entirety, the Appel-

Haken proof. The point I wish to make here is that a completely error-free proof method, 

whether it be ‘chalk & blackboard’ or machine-based (or even hybrid, meaning partly the one 

and partly the other), is the search for a Chimera (Littlewood, 1957, pp. 29-44, too).  

 

It is for this reason that I take, from the outset, a consistently constructive view of Simon’s 

method(s). Such a vision allows the IPAs, to tackle, as Humans would, the solving of problems, 

as posed by games such as Chess and GO26, from which precepts for search heuristics over 

(quantitatively) vast spaces can be learned. Thus the search spaces are made manageable by 

IPAs that are boundedly rational and satsficing. 

 

My conjectures, in this concluding section, are formulated in this constructive spirit. 

 

                                                
24 In: From Cardinals to Chaos: Reflections on the Life and Legacy of Stanislaw Ulam, edited by 
Necia Grant Cooper, p. 312, Cambridge University Press, Cambridge. 
25 This is my way of saying that the ‘proof’ was not (even) partly machine-based (i.e., analogue or 
digital computer underpinned), but entirely human (I may have been influenced, in the choice of this 
phrase, by an analogous – not identical - use by Hales, 2014, §1.1). 
26 GO rules, as distinct from those of Chess, allow an unlimited – effectively indefinite – endowment 
of stones to both players, at the start of a game. This is similar to the nature of the tape in a Turing 
Machine, which is indefinitely long, and effectively extensible (see also footnote 14, above). 
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Ilyashenko & Yakovenko27 (1995, p.2; italics added) stated a (Russian) constructive28 version 

of the second part of Hilbert’s 16th Problem as follows: 
“Give an upper estimate for H(n) or suggest an algorithm for computing such an estimate” 

 
where (ibid, p.2): 

 

H(n) = = "
#ℎ%	'()*+,-	'..%,	/+'(0	*+,	#ℎ%	('-/%,	+*	

1)-)#	2321%4	+22',,)(5	)(	.+13(+-)61	0)**%,%(#)61	
	%7'6#)+(4	+*	0%5,%%	 ≤ (

9 

 
The ‘algorithm for computing … an estimate’ for H(n) is provided by viewing each limit cycle 

as the construction of a Jordan Curve (Berg, et. al., 1975 & Hales, 2007)29. I consider an 

‘estimate’ to be a prediction and every algorithm for computing a constructive proof. 

Therefore, my first conjecture is: 

Conjecture 1: 

There is a constructive iff 30relation between proofs and predictions. 
 

Now, there are no proofs – only predictions of performances – in the computations of Deep 

Blue, Alpha Go or Alpha Go Zero. Given my interpretations of moves – in Chess or GO – as 

steps in a (constructive) proof of the outcome of a (perfect information) game – or, 

equivalently, the IPA’s heuristic search for a solution to a problem formulated by a human – it 

is obvious that the computations of any of Deep Blue, Alpha Go or Alpha Go Zero must be 

associated with a constructive proof, so that their predictions can be analytically – in a 

constructive sense – substantiated. 

The rest of the two ‘conjectures’ are to provide – for GO, but they are, equivalently usable for 

Chess or the Tower of Hanoi – constructive proofs, hence (given Conjecture 1) also predictions. 

                                                
27 The first author, to the best of my knowledge, ‘discovered’ (first) the errors in Dulac’s ‘chalk & 
blackboard’ alleged proof. 
28 Russian constructivism is more akin to formal computability theory than any of the constructivist 
principles of Brouwer, Bishop or Martin-Löf, depending more on the acceptance of (the equivalents 
of) the so-called Church-Turing thesis. This is the main reason for me to enunciate my thesis on 
Simon’s notion of proof being constructive in the sense of Bishop (but I could have said (almost) the 
same things in terms of Brouwer or Martin-Löf. 
29 It should be observed that Berg et. al., (op.cit) was published before the final proof of Appel-Haken 
on 4-CT, in 1976. The authors, moreover do acknowledge Brouwer’s priority, but opt for a 
modernised Bishop-style constructive proof, with a crystal clear constructive version of proof by 
contradiction (using the tertium non datur). Hales (2007) is squarely computable, with the intricacies 
of presenting an algorithm for constructing a Jordan Curve given explicitly. This is made clear from 
Hales, ibid, p. 883; italics added:  

“A formal proof typically begins with a careful conventional proof. Each lemma is then expanded in 
meticulous detail and then transcribed to computer for exhaustive checking.” 

30 iff ≡ if and only if.  
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Conjecture 2: 

The classical proof, in terms of separation31 and the construction of gratings, of the 
Jordan Curve, given in Newman (1951, Theorem 10.2, chapter V) can be constructified 
(in the sense of Berg, et. al., op.cit.). 

 
Given (one of) the way(s) an outcome – the ‘winner’ – of a GO game is defined (in terms of 

territory, on the square board, is controlled) computed, the following construction enables one 

to prove, and predict, consistently with Conjecture 1: 

Conjecture 3: 

Construct polygonal Jordan curves along the ultimate positions of the stones, and 
‘count’ the territory, in the sense of counting the squares surrounded by these stones, 
for white and black and predict the winner. 
 
Remark 1: 
The construction is a proof. 

 

Finally, an observation by Strichartz (2000, p.1; italics in the original) ties the threads of this 

paper together: 
“Mathematicians have made a careful study of [classical] logic …  . The main result, called the 
completeness theorem for first-order predicate calculus, shows that the logical reasoning we 
going to use in this book, if used correctly, is both sound and incapable of being improved ….” 

 
However, this ‘main result’, was proved only in 1930, by Gödel! Did mathematicians, then, 

‘speak prose’, like Monsieur Jourdain in Molière’s La Bourgeois Gentilhomme, before 1930? 

 

I have, in this paper re-interpreted Herbert Simon’s lifelong vision, but concentrating on proofs 

and predictions, in terms of the constructivism of Brouwer and Bishop (but also, implicitly, of 

Martin-Löf) – and (again, implicitly) of the recursive undecidability results of Turing and 

Gödel. These latter results are the Halting Problem for Turing Machines and the (2nd) 

Incompleteness Theorem of Gödel. They give concreteness to the contents of the three 

conjectures and for the activities of the IPAs facing Human Problem Solving conundrums. 

 

 

 

 

                                                
31 The construction in terms of separation theorems must be carefully distinguished from propositions 
based on theorems of the separating hyperplanes (the mistake of not differentiating is made by Bosch 
& Smith, 1998). 
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